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PRINOIPAL NOTATION
G eheral
O' e f f e c t iv e  norm al s t r e s s  ( t o t a l  m inus h y d r o s ta t i c ) .
0 ^ ,0 ^ ,0 ^  p r in c ip a l  s t r e s s e s  ( r e f e r  to  y ie ld  in  P a r t  I ) .
T s h e a r in g  s t r e s s
.  ' * 0* : . I
\  as ^  r a t i o  o f  m inor to  m ajor p r in c ip a l  s t r e s s  a t  y ie ld
2 o i-o L -0:
l o d e 's  p aram eter (where 0  ^ >  01  > 0 i ) .
^  -  4  , .
& an g le  d e f in in g  p o s i t io n  o f  s t r e s s  v e c to r  on r ig h t
, si®c'*’^ °*^ o f  y ie ld  s u r fa c e ,
f  a  fu n c t io n  o f .
S o il  P ro p e r t ie s
ff t r u e  an g le  o f i n t e r n a l  f r i c t i o n .
0 t r u e  co h esio n .
Thick G y linder T e s ts
r  - any r a d iu s •
a ,h  b o re  and o u ts id e  r a d iu s .
Pj_, Pg b o re  and o u ts id e  p re s s u re  ( r e f e r  to  c o n d itio n s  a t
>. '■ .yield in ' P a r t  I )
® t’ ^ u d ia l , t a n g e n t i a l , and a x ia l  p r in c ip a l  s t r e s s e s  a t
y i e ld ,  s u b s c r ip t  av . r e f e r s  t °  average  s t r e s s e s .  
O ther in f r e q u e n t ly  u sed  symbols a re  d e fin e d  where th ey  
o ccu r i n  th e  t e x t .
1.
im m m o T io ^  a i d  sm m A m
Most problems of s o i l  meobanics may be divided in to  two 
p r in c ip a l groups namely| problems of s t a b i l i t y ,  and problmis 
of deform ation. S ta b i l i ty  problems deal w ith  the equilibjrilum 
of s o i l s  inm ediately  preceding y ie ld  and in to  th i s  category 
come the  problems of e a rth  p ressu re , of bearing  capacity  and 
of s t a b i l i t y  of s lopes.
Deformation problems deal w ith the deform ation of the s o il  
due to  i t s  own weight o r due to superimposed lo ad s. S e t t le ­
ment problems f a l l  in to  th i s  category^ To solve these 
problems the re la tio n sh ip  between s tr e s s  and s t r a in  must be 
known but the  s t r e s s  conditions fo r  y ie ld  need no t be 
considered.
îühe French engineer Goulomb^^^ (1775) was the f i r s t  to  
p resen t a hypothesis exp lain ing  the c r i t e r i a  fo r  y ie ld  of 
s o i l s  under s t r e s s .  Coulomb’s equation can be expressed %
0Î « 0^ + 0" ' t a n
where T denotes shearing  s tre n g th
0^ denotes apparent cohesion
0" 'd en o tes  to ta l  no raa l compressive s tr e s s  
on the planes of s l ip  
denotes the  apparent angle of in te rn a l  
f r i c t io n .
   --------------'   ^ Oîhe number r e fe r s  to  Bibliography in  Appendix VI.
2 .
The values o f 0^  ^ in  th is  equation can be determined
from lab o ra to ry  tea ts#
In  sa tu ra te d  s o i ls  a s ta te  of s tr e s s  i s  always asso c ia ted  
w ith a change o f w ater con ten t. I f  th e  s tr e s s e s  which u l t i -  
# a te ly  cause f a i lu r e  are  applied  more rap id ly  than th e  water 
content can change, a p a r t  o f the app lied  normal s tr e s s  w ill  
be c a rried  by a s t r e s s  s e t  up in  the w ater. This s tr e s s  i s  
norm ally re fe r re d  to  in  S o il Mechanics as the  excess hydro­
s t a t i c  p ressu re# , In  Coulomb’s equation and should be 
regarded as em pirical d o e ff ic ie n ts  which define  a s tr a ig h t  
l i n e .  They a re  n o t abso lu te  constan ts bu t depend on the 
co n so lid a tio n  and cond itions o f  drainage of the  s o i l ,
A more b as ic  form of the Coulomb equation  was suggested 
by ïîvorBlev^^^^ in  1957* In  th is  equation allowance i s  made 
f o r  the excess h y d ro s ta tic  p ressure  in  o rder to  c a lc u la te  the 
e f fe c tiv e  normal s t r e s s .  The equation i s
T ss 0 + ((T' ^  u ) ta n  f/f
where 0 denotes tru e  cohesion
fS denotes tru e  angle of in te rn a l  f r i c t io n  
u  denotes excess h y d ro s ta tic  p re ssu re .
0 and /  a re  abso lu te  constan ts fo r  a s o i l .
In  B r i ta in  the tendency a t  p resen t i s  to  use the to ta l  
s t r e s s  method in  s t a b i l i t y  problems# Conditions of oonso li-
dation  and drainage met w ith  in  the f i e ld  a re  sim ulated in  
lab o ra to ry  t e s t s  and the values of G^  and fS^ a sso c ia ted  w ith 
th ese  cond itions are  found. In  the  U nited S ta te s  the use of 
the  Brors equation  i s  more popular. The h y d ro s ta tic  excess 
p ressu re  i s  e i th e r  measured d ire c tly  in  th e  f i e ld  o r estim ated 
from seepage fo rce  c a lc u la tio n s .
The Goulomb equation in  i t s  various forms i s  a sp ec ia l 
case of the  Mohr theory  of strength# This theory  assumes 
th a t  y ie ld  i s  Independent of the in te rm ed ia te  p r in c ip a l s tr e s s .  
E x is tin g  in fo rm ation  on the  behaviour o f s o i l s  under s tr e s s  
comes mainly from the  r e s u l t s  of the t r i a x i a l  compression t e s t  
in  which the  in te rm ed ia te  p r in c ip a l s t r e s s  has a  value equal 
to  the minor p r in c ip a l  s tre ss#  The r e s u l t s  o f these  t e s t s  
show a l in e a r  ino rease  in  s tren g th  w ith in c rease  in  compressive 
s tr e s s  as p red ic ted  by the  Mohi^Coulomb theory  and i t  i s  
p ra c tic e  to  assume th is  theory  in  th e i r  in te rp re ta t io n  and 
a p p lic a tio n  to  problems of s ta b il i ty #  The s tr e s s  systems in  
many problems o f s t a b i l i t y  a re  compatible w ith, th a t  e x is tin g  
in  the t r i a x i a l  compression t e s t .  In  the so lu tio n  of these 
problems i t  i s  adm issib le to  use the Mohr-Gouiomb theory w ith  
th e  s o i l  constan ts  found from the t e s t s  w ithout enquiry in to  
th e  assumptions on which the  theory i s  based* In  o ther 
problems, in c lu d in g  those involv ing  th e  s ta te s  of s tr e s s  around 
d r i l l  h o le sÿ s h a f ts  and in  deep bins* the  in te rm ed ia te  p r in c ip a l 
s t r e s s  v a r ie s  in  m a^ itu d e  between the  va lues of the minor and
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th e  m ajor p r in c ip a l  s t r e s s e s .  A s o lu t io n  to  th e s e  problem s 
can he o h ta in e d  assum ing th e  Mohr-Coulomb th e o ry  b u t a  
r ig o ro u s  a n a ly s i s  canno t be made u n t i l  th e  e f f e c t  o f  th e  
In te rm e d ia te  p r in c ip a l  s t r e s s  on th e  c o n d it io n  o f  y ie ld  i s  
in v e s t ig a te d .
In  F a r t  I  o f  th e  t h e s i s  an in v e s t ig a t io n  in to  th e  condi­
t i o n  o f y ie ld  f o r  d ra in e d  t e s t s  on a  sand i s  re p o r te d . The 
in v e s t ig a t io n  i s  conducted from  th e  a s p e c t  o f  d e te rm in in g  th e  
shape o f  th e  ex p erim en ta l su rfa c e  o f  y ie ld  f o r  th e  m a te r ia l  i n  
a  p r in c ip a l  s t r e s s  system  o f c o o rd in a te s . The a p p l ic a t io n  
and a d a p tio n  to  sands o f s e v e ra l  e x i s t in g  th e o r ie s  o f  s t r e n g th  
i s  c o n s id e re d , and th e  s u r fa c e s  o f y ie ld  w hich th e se  th e o r ie s  
r e p r e s e n t  a re  compared to  form  th e  b a s is  o f  th e  ex p erim en ta l 
in v e s t ig a t io n .  Y ie ld  i s  ta k en  a s  th e  peak p o in t  on th e  s t r e s s  
s t r a i n  curve and th e  shape o f  th e  ex p e rim en ta l su rfa c e  o f y ie ld  
i s  determ ined  from  th e  r e s u l t s  o f  th re e  d i f f e r e n t  ty p e s  o f  t e s t  
These t e s t s  and th e  s t r e s s  system s th e y  produce a r e :
1) The T r ia x ia l  Compression T est i n  which th e  in te rm e d ia te  
p r in c ip a l  s t r e s s  h as a  v a lu e  equal to  th e  m inor p r in c ip a l  
s tre w s .
2) The T r ia x ia l  E x ten sio n  T est i n  which th e  in te im e d ia te  
p r in c ip a l  s t r e s s  has a  v a lu e  equal to  th e  m ajor p r in c ip a l  
s t r e s s .
3) The Thick C y lin d er T es t i n  which th e  in te rm e d ia te
5*
p r in c ip a l  s t r e s s  1m s a. v a lu e  ap p ro x im ate ly  eq u a l to  th e  
mean o f  th e  v a lu e s  o f  th e  m ajor and m inor p r in c ip a l  
s t r e s s e s ,
The t r i a x i a l  com pression t e s t  c o n s is ts  o f  s u b je c t in g  a  
c y l in d î io a l  sample o f  s o i l  to  a  h y d r o s ta t ic  p re s s u re  and 
in c re a s in g  th e  a x ia l  s t r e s s  u n t i l  f a i l u r e  i s  in d u ced . T his 
t e s t  i s  th e  s ta n d a rd  method f o r  in v e s t ig a t in g  th e  s t r e s s - s t r a i n  
r e la t io n s h ip s  f o r  s o i l s .
The t r i a x i a l  e x te n s io n  t e s t  i s  perform ed i n  a  s im i la r  
manner b u t i n  t h i s  case  th e  a x ia l  s t r e s s  i s  d ec rea sed  u n t i l  
f a i l u r e  i s  in d u c ed . T his t e s t  was c a r r ie d  o u t i n  th e  e ^ e  
a p p a ra tu s  a s  t h a t  u sed  f o r  th e  t r i a x i a l  com pression t e s t .
A s t r e s s  system  i n  which th e  in te rm e d ia te  p r in o ip a l  s t r e s s  
h as  a  v a lu e  ap p ro x im ate ly  eq u a l to  th e  mean o f  th e  v a lu e s  o f 
th e  m ajor and th e  m inor p r in c ip a l  s t r e s s e s  can be produced by 
fo rm ing  a  sample o f  s o i l  in to  a  th ic k  w a lled  c y lin d e r  and 
s u b je c t in g  i t  to  an e x te rn a l  and a n . in te r n a l  p re s s u re , f a i l u r e  
b e in g  induced  by in c re a s in g  th e  i n t e r n a l  p re  s a u re . An 
a p p a ra tu s  to  c a r ry  o u t such a  t e s t  was developed  and i t s  d e s ig i , 
c o n s tru c t io n , end O p era tio n  a re  d e sc r ib e d .
The r e s u l t s  o f  th e se  th re e  t e s t s  perform ed on th e  sand a t  
a  low p o ro s ity , a r e  u sed  to  I l l u s t r a t e  the, shape o f  th e  e x p e r i­
m en ta l s u r fa c e  o f y ie ld .  The r e s u l t s  a re  p re se n te d  i n  a  two 
d im ensional form  by a  method d e riv ed  i n  AppenMx I I I .  I t  i s
6,
found t h a t  th e  Mohr-Qottlom'b th e o ry  a c o u rà te ly  p r e d ic ts  y ie ld  
f o r  s t r e s s  system s where th e  in te rm e d ia te  p r in c ip a l  s t r e s s  
h as  a  v a lu e  e i t h e r  equal to  th e  m ajor o r  th e  m inor p r in c ip a l  
s t r e s s ,  h u t f o r  s t r e s s  system s where th e  in te rm e d ia te  p r in c i ­
p a l  s t r e s s  h as  a  V alue app rox im ate ly  equal to  th e  mean o f th e  
v a lu e s  o f  th e  m ajor and m inor p r in c ip a l  s t r e s s e s  th e  th e o ry  
s l i g h t l y  u n d e re s tim a te s  th e  s t r e n g th .
; Due to  th e  c o n tro v e r s ia l  n a tu re  o f  th e  r e s u l t s  o f  t r i a x i a l  
com pression and e x te n s io n  t e s t s  re p o r te d  by o th e r  in v e s t ig a to r s  
a d d i t io n a l  t r i a x i a l  com pression and e x te n s io n  t e s t s  were 
e a r n e d  o u t a t  p o r o s i t i e s  ran g in g  th ro u g h o u t th e  l i m i t s  f o r  th e  
s a n l .  From th e s e  t e s t s  i t  i s  concluded t h a t  th e  Mohr-Goulomb 
th e o ry  i s  a p p l ic a b le  th ro u g h o u t th e  range o f  p o ro s i ty  f o r  th e  
sand .
' I n  g e n e ra l i t  i s  concluded  i n  F a r t  I  t h a t  th e  Mohr-Goulomb 
th e o ry  p ro v id e s  a  r e l i a b l e  means o f e s t im a tin g  th e  s t r e n g th  o f 
sands u n d e r c o n d itio n s  o f  f u l l  d ra in a g e .
The o b se rv a tio n  o f th e  Volume changes a s s o c ia te d  w ith  
d efo rm atio n  form s an e s s e n t i a l  p a r t  o f  th e  t e s t i n g  o f  sends.
The volume changes have an im p o rtan t s ig a i f ic a n o e  i n  problem s 
o f  s t a b i l i t y  and p ro v id e  a  v a lu a b le  a id  i n  u n d e rs ta n d in g  th e  
s t r e n g th  and f a i l u r e  c h a r a c t e r i s t i c s  o f  th e  m a te r ia l .  I n  
F a r t  I I  o f  th e  t h e s i s  th e  volume change and o th e r  r e le v a n t  
d a ta ,  f o r  th e  t e s t s  perform ed f o r  th e  p u rp o ses  o f  P a r t  I ,  a re  
p re s e n te d . These r e s u l t s  a re  d isc u sse d  w ith  r e fe re n c e  io  th e
s tre n g th  and d e f b T  and I t  i s  te n ta t iv e ly
eoticXûdéd th a t  In  the  îaiX tire o f  aànds th e  oompXete mass 
under s t r e s s  does no t deform but th a t  faiX ure i s  due to  the  
déf ormation o f à  nW ber of - %vedges o r aohes o f  màteriàX v ^ th ih  
the  mass# The Ximité tio n s  of standard shear te s t in g  
apparatuses f o r  measuring the  diXatanoy p ro p e rtie s  o f  sands 
a re  # 8 0  po in ted  o u t.
FAST I
g m m D : FOR
8.
Review o f  B rev ious E xpérim en tal Work.
As f a r  a s  i s  taiowti th e  o n ly  obm prehensive in v e s t ig a t io n  
in to  th e  y ie ld  o o n d itio n  o f  s o i l s  was perform ed by Habib^^^^^^ 
i n  B a r is .  T h is  in v e s t ig a t io n  was conduoted sim nltaneO usly  
W ith t h a t  o f  th e  a u th o r . In c id e n ta l  w ith  o th e r  in v e s t ig a t io n s  
th e  e f f e c t  o f  th e  In te rm e d ia te  p r in c ip a l  s t r e s s  was s tu d ie d  
from  th e  r e s u l t s  o f  t iA a x ia l  com pression and  e x te n s io n  t e s t s .
In  th e se  t e s t s  th e  in te rm e d ia te  p r in c ip a l  s t r e s s  i s  equal to  
th e  m inor p r in c ip a l  s t r e s s  and th e  m ajor p r in c ip a l  s t r e s s  
r e s p e c t iv e ly .
As p a r t  o f  th e  in v e s t ig a t io n  c a r r ie d  o u t by Habib, d ra in e d  
t r i a x i a l  com pression and e x te n s io n  t e s t s  were perform ed on 
s e v e ra l  san d s . The sands were te s te d  n e a r  t h e i r  c r i t i c a l  
p o r o s i ty .  The r e s u l t s  showed th a t  th e  a n g le  o f  in t e r n a l  
f r i c t i o n  c a lc u la te d  from  th e  lohr-Goulomb th e o ry  was c o n s id e r­
a b ly  low er i n  th e  e x te n s io n  t e s t s  th a n  in  th e  com pression 
t e s t s .  T a y l o r ' ^ a l s o  re p o r te d  a  low er an g le  o f  ip ^ e m a l  
f r i c t i o n  f o r  sands i n  th e  e x te n s io n  t e s t  th a n  i n  th e  com pression 
t e s t .
R e s u lts  p u b lish e d  by M shop and E ld in '^ ^  (a  r e p o r t  o f  
r e s Ç l t s  o b ta in ed  by E ld in '^ ) )  showed agreem ent between th e  
an g le  o f  i n t e r n a l  f r i c t i o n  i n  com pression and e x te n s io n  t e s t s .
fhiB agÿeemeut waa obtained thi'oughout tbe  range of p o ro sity  
o f th e  aand#
The in co n sis ten o lea  of these r e s u l ts  le d  th e  au thor to  
oariy  out a  comprehensive s e r ie s  o f t r i a x i a l  oompresaipn and 
e x te n s io n  t e s t s  i n  ih e . ih V e ^ ig a t io n  re p o r te d  i n  t h i s  t h e s i s .  
These t e s t s  were perform ed to  a llo w  th e  r e s u l t s  to  he s tu d ie d  
a t  p o r o s i t i e s  o o v erin g  th e  range  f o r  th e  sand .
% h ih  eon tinued  b i s  in v e s t ig a t io n s  in to  th e  y ie ld  o f  
sffinds by s u b je e t in g  specim ens to  a  s e r i e s  o f  to r s io n  t e s t s .  
These t e s t s  were perfoamaed on c y l in d r ic a l  sam ples w ith  th e  
sand co n fin ed  by ru b b e r membranes i n  th e  u s u a l  way. The 
in te rm e d ia te  p r in c ip a l  s t r e s s  was v a r ie d  betw een th e  l i m i t s  
o f  th e  m indr and th e  m ajo r p r in c ip a l  s t r e s s e s  by ap p ly in g  
a x i a l  lo a d s  t o  th e  sample* The r e s u l t s  v a r ie d  w idely  from  
th e  Mohr-Goulomb th e o ry  o f s t r e n g th .
; The r e s u l t s  ç f  th e s e  in v e s t ig a t io n s  a re  d isc u sse d  in  
t h e - l i g h t  o f  th e  a u th o r 's  f in d in g s  in  S e c tio n  ? .
10.
SEGTIOI'.. g .
E x is t in g  T h eo rie s  o f  S tre n g th .
The d i f f e r e n t  h eh av io n r o f V arious m a te r ia ls  u n d er s im i la r  
C o n d itio n s  o f  S tr e s s  h as  le d  to  th e  developm ent o f s e v e ra l  
c r i t e r i a  to  p r e d ic t  y ie ld .  Only th e  th e o r ie s  which a re  a p p l ic ­
a b le  o r  can be ad ap ted  to  p ro v id e  a p o s s ib le  e x p la n a tio n  o f  th e  
b eh àv ib ù r o f  s o i l s  a r e  p re se n te d .
R èferènoë i s  made i n  t h i s  and i n  subsequen t s e c t io n s  to  
s u r fa c e s  o f  y i e ld .  An e x p la n a tio n  o f  th e  s u r fa c e  o f  y ie ld  
and th e  te rm s u sed  i n  r e f e r r in g  to  i t  a r e  g iven  h e re .
A s t a t e  o f  s t r e s s  can be d e sc rib ed  by i t s  th re e  p r in c ip a l  
s t r e s s e s  0 ^, and 0% and can be re p re s e n te d  a s  a  p o in t  i n  a  
system  o f  th re e  d im ensional c o o rd in a te s  , Og, O i) . The lo c u s  
o f  a i l  th e  p o in ts  r e p re s e n t in g  s t a t e s  o f  s t r e s s  which a re  s u f f i ­
c i e n t  to  Causé y ie ld  t r a c e  o u t a  su rfa c e  i n  space which w i l l  be 
knorai a s  th e  s u r f  ace  o f  y ie ld .  The e # a t i  on re p re s e n tin g  th e  
y ie ld  c o n d itio n  o f  th e  v a r io u s  th e o r ie s  o f  s t r e n g th  d e f in e  
th e o r e t ic a l ,  s u r fa c e s  o f  y ie ld  In  t h i s  system  o f  c o o rd in a te s .
The shape o f  th e  su rfa c e  o f  y ie ld  can be i l l u s t r a t e d  by 
s e c t io n s  ta k en  th ro u g h  i t .  Those s e c t io n s  w hich a re  perpen­
d ic u la r  to  th e  aW-o o f  th e  su rfa c e  a re  r e f e r r e d  to  a s  r ig h t  
s e c t io n s .  F o r an  i s o t r o p i c  m a te r ia l  th e  a x ie  o f th e  su rfa c e  
o o ih c id e s  w ith  th e  space d ia g o n a l, th e  l i n e  i n  space whose 
e q u a tio n  i s  jKj = s* (X .
11.
2 a) The ; Theory o f  Yon, ELaes.
Von Mieée i n  1913  ^  ^ enggêeteâ  t h a t  y ie ld  i n  a  m a te r ia l
take 's  p la c e  when-.'the s treeee a ia re .ea o h ,:th a t,,:y . .
' '  '
(0^ -  rg )^  + (Og -  0^ )^  + (Oj -  à  c o n s ta n t i . . . . ( 1 )
Henoky^ la te a i  gave th e  law a  p h y s ic a l  meaning by s t a t i n g  
t h a t  y ie ld  ta k e s  p la c e  when th e  e l a s t i c  energy o f d i s to r t i o n  
re a c h e s  a  c r i t i c a l  v a lu e . A f u r th e r  p h y s ic a l in t e r p r e t a t i o n  
was g iven  to  th e  law  hy N a d a i ? by a t a t i n g  t h a t  a t  th e  p o in t  
o f  y ie ld  th e  o c ta h e d ra l s h e a r in g  s t r e s s ,  ,Tq » i s  a  c o n s ta n t .
T_ can be proved t o . have th e  va lu e
% "  (2)
Thé cp M ltio n  a t  y ie ld  i e  th e re fo re  deecrlhed by the 
e q u a tio h
« constan to
E q u a tio n s  (1) and (5) d e f in e  th e  l i m i t in g  su rfa c e  o f 
y ie ld in g .  The s u r fa c e  i s  a  s t r a i g h t  c i r c u l a r  p rism  w ith  i t s  
a x is  c o in c id in g  w ith  th e  space d ia g o n a l.
The Von M ises c o n d itio n  assumes t h a t  th o  l im i t in g  s t r e n g th
12.
0 * 4" Ort 4* 0» .
does n o t  depend on th e  mean norm al s t r e s s    —=   ' . 1 and
3
i n f e r s  t h a t  r i g h t  s e c t io n s  o f  th e  y ie ld  s u r fa c e  a r e  s im i la r  
a t  any d is ta n c e  a lo n g  th e  space d ia g o n a l. I n  m a te r ia ls  where 
i t  has been e s ta b l is h e d  th a t  th e  s t r e n g th  v a r i e s  w ith  th e  mean 
norm al s t r e s s  e q u a tio n  (1 ) can be m od ified  to  ( 4 ) a s  su g g ested  
by S c h le ic h e r
(Cr^  -  Og)^ 4- (Og -  4- (Oj -  = [f(GT  ^ 4. CTg 4- or^fj^ . . . ( 4 )
a s  a  p o s s ib le  means o f  e x p la in in g  t h e i r  b eh av io u r. The 
su rfa c e  o f  y ie ld  d e fin e d  by (4 ) i s  a  s o l id  o f  re v o lu t io n  w ith  
i t s  a x is  a lo n g  th e  space d ia g o n a l. E ig h t s e c t io n s  o f  th e  
s u r fa c e  a r e  c i r c l e s  w hich v a ry  i n  d iam ete r w ith  d is ta n c e  a lo n g  
th e  a x i s .
2 b ) The Maximum S h earin g  S tr e s s  Theory o f T reso a .
O b se rv a tio n s  made i n  th e  course  o f  e x tru s io n  t e s t s  on 
s o f t  m e ta ls  le d  T resoa i n  1864^^^ to  th e  assum ption  t h a t  th e  
p l a s t i c  s t a t e  i n  such  m e ta ls  i s  c re a te d  when th e  maximum 
s h e a r in g  s t r e s s  re a c h e s  a  l im i t in g  v a lu e  w hich i s  a  c o n s ta n t 
f o r  th e  m a te r ia l .  F u r th e r  su p p o rt was l e n t  to  t h i s  assum ption  
by th e  appearance o f  s l i p  la y e r s  i n  deformed m e ta ls  which 
ap p ro x im ate ly  c o in c id ed  w ith  th e  d i r e c t io n s  o f  maximum 
sh e a r in g  s t r e s s .  The c o n d itio n  f o r  y ie ld in g  i n  t h i s  th e o ry  i s
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e x p ressed  by
c o n s ta n t . . . . . . . . . . . . ( 5 )
where ^  % (%. r  . . . .  ; ;
T his c o n d itio n  can be ex p ressed  i n  i t s  m ost g e n e ra l form by 
th e  e q u a tio n
!
[(O', .  (Tg)® -  -  0*1 )^  -  O'o^] = 0 " ( 6 )
' where (h = c o n s ta n t
r e p re s e n t in g  s ix  c o n d itio n s  o f  y ie ld  from  w hich th e  i n t e r ­
m ed ia te  p r in c ip a l  s t r e s s  i s  alw ays a b se n t.
The s u r fa c e  o f  y ie ld  f o r  th e  T resoa th e o ry  i s  a  s t r a i g h t  
hexagonal p rism  whose a x is  c o in c id e s  w ith  th e  space d ia g o n a l.
The hexagonal p rism  can be in s c r ib e d  i n  th e  c i r c u l a r  c y l in d e r  
r e p re s e n t in g  th e  th e o ry  o f  Ton l à  se s  by s u i ta b ly  choosing th e  
c o n s ta n t i n  (T) and ( 6) .
The T resoa th e o ry  assumes th a t  y ie ld  i s  in d ep en d en t o f 
th e  mean norm al s t r e s s .  For m a te r ia ls  whose beh av io u r does 
depend on th e  mean norm al s t r e s s  th e  th e o ry  can be a d a p te d , 
i n  a  manner s im i la r  to  t h a t  d e sc rib ed  f o r  th e  Ton M ises th e o ry  
( é q n . ( 4 ) ) ,  by assum ing th a t  a t  th e  p o in t  o f  y ie ld  t h e  maximum 
sh e a r in g  s t r e s s  beoomes equal to  a  fu n c tio n  o f  th e  mean norm al
1 4
s t r e s s .  The g e n e ra l c o n d itio n  o f  y ie ld  i s  th e n  d e fin e d  by 
^(Cr,.40'g)2- [ f ( G ^ + 0 ^ + 0 ^ ) ] {^(0^-0^)^- [ f ( G ,+ 0 ^ + 0 ^ ) ] l
^ftr^+o^+g-^)] j  = 0   . ( 8 )
The y ie ld  su rfa o e  d e fin e d  by (8 ) i s  a  s o l id  w ith  i t s  a x is  
a lo n g  th e  space d ia g o n a l. S ig h t s e c t io n s  Of th e  su rfa c e  a re  
r e g u la r  hexagons v a ry in g  i n  dim ension a t  d i f f e r e n t  d is ta n c e s  
a lo n g  th e  ax is*
2 o) The Mohr Theory o f  S tre n g th .
A ccording to  Mohr (1900)'®^ a  m a te r ia l  may y ie ld  when 
e i t h e r  th e  s h e a r in g  s t r e s s  T I n  th e  p la n e s  o f  s l i p  has reached  
a  v a lu e  w hich w i l l  depend on th e  norm al s t r e s s  a c t in g  a c ro s s  
th e s e  p la n e s  o r  whan th e  l a r g e s t  t e n s i l e  norm al s t r e s s  has 
reached  a  l im i t in g  v a lu e .
In  c e r t a in  d u c t i l e  m e ta ls  and n a tu r a l  ro c k s  which have 
beeh deform ed, s l i p  l i n e s  can be d e te c te d . Thesq l i n e s  form 
two system s o f  iso g o n a l p la n e s  o f  s l i p  w hich a re  in c l in e d  to  
th e  d i r e c t io n s  o f  th e  m ajor (CT, ) and m inor (O'-) p r in c ip a l  
S tr e s s e s  and i n t e r s e c t  each  o th e r  a lo n g  th e  d i r e c t io n  Of th e  
in te rm e d ia te  p r in c ip a l  s t r e s s  (Ob).
C onsider a  p o in t  B i n  th e  Mohr diagram  (B ig .l )  to  r e p re s m t 
a  p lan e  I n  th e  s t r e s s e d  m a te r ia l  a lo n g  which s l i p  i s  im m inent.
' 1
£NVELOPE
<T'
T H E  MOHR D / A C n A M
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$ke ôoord inalîes o f  ?  arô. C  àad Œ. S in co , aco o rd in g  to  th e  
M ohr-theory , th e  l im i t in g  sh e a r in g  s t r e s s  i s  dependent on ly  
on th e  noim al! staJoss i n  th e  plane, o f  s l i p ,  1  m nst he a  
fu n c tio n  o f  (J . fh e  carve  I  = f ( 0" ) th e r e f o r e  re p re s e n ts  
th e  locizB o f  a l l  p o in ts  f  , Ï ' , e t c . ,  which have th e  l im i t in g  
•values o f  th e  component s t r e s s e s  i n  th e  p la n e s  o f  s l i p .
Î  = f  {O’ ) tW re fo re  r e p re s e n ts  th e  oonmon ta n g e n t o f  a l l  m ajor 
s t r e s s  c i r c l e s  which d e f in e  s t r e s s e s  s u f f i c i e n t  to  cause y ie ld .  
S h is  curve i s  g e n e ra l ly  r e f e r r e d  to  a s  th e  Mohr envelope , 
fh e  e q u a tio n  o f  th e  Mohr envelope can he ex p ressed  a n a ly t i c a l ly  
i n  term s o f  th e  p r in o ip a l  s t r e s s e s  hy
( J , — i  ) ,  j. f ( J  1)  .................    (9 )
where Oj 0^ >  0^
(04 -  Oï)
r e p re s e n ts  th e  r a d i i  o f  th e  l a r g e s t  p r in c ip a l  s t r e s s
c i r c l e s  and ,1 .,,%'. r e p re s e n ts  th e  d is ta n c e s  o f  th e
' ' , g
c e n tre s  o f  th e s e  c i r c l e s  from  th e  o r ig in  o f  th e  Mohr d iagram .
fh e  Mohr c o n d itio n  o f  y ie ld  i n  i t s  m ost g e n e ra l form  i s  
eag ressed  hy
I * 0 . . . . . . . . . . . . . . . . . .  (10)
16.
r e p re s e n t in g  s ix  c o n d itio n s  o f  flow  from  whiohj th e  in te rm e d ia te  
p r in c ip a l  s t r e s s  i s  alw ays a b s e n t. fh ë  s u r fa c e  o f  y ie ld  
d e fin e d  by (10) i s  complex and i s  deduced l a t e r  i n  S ec tio n  3 h 
f o r  th e  s p e c ia l  Goulomb c a se .
T= +r'
MOHR D IA G R A M  FOR C O U L O m  EQUATION
• '* Q h R  Û7AGR m  FOR SOILS
; 3
■IT.
2 a) (Che Mohr~Couloml) Ih eo ry  o f  S tre n g th  a s  A pplied to  S o i l s .
I t  h a s  Tbeen a ssm e d  f o r  a  long  tim e t h a t  th e  c r i t e r i o n  
f o r  y ie ld  in  a  mase o f  s o i l  n nder com pressive s t r e s s  i s  g iven  
hy th e  e q u a tio n  o f  Ooulom’b (1775) • The Coulomb e q u a tio n ,
i n  i t s  c l a s s i c a l  form , i s  g iven  hy
Ï  * i  4; yAO' ..................................     ' . ( 1 1 )
where T = sh e a r in g  s t r e s s  on p la n e s  o f  s l i p ,
<T» e f f e c t iv e  norm al s t r e s s  (com pressive) on 
p la n e s  o f  s l i p ,
$ ' and yu a re  g iv en  p o s i t iv e  m a te r ia l  c o n s ta n ts .
E quation  (11) can he viewed a s  b e in g  a  s p e c ia l  case o f  
th e  Mohr theoary o f  s t r e n g th  where th e  en v e lo p in g  curve c o n s is ts  
o f  two s t r a i g h t  l i n e s  in c l in e d  a t  th e  same an g le  w ith  th e  O' 
a x is  (F ig . 2 ) .  fh e  u se  o f  eq u a tio n  (11) to  r e p re s e n t  th e  Mohr 
S tre n g th  envelope, on. th e  Mohr diagram  g ives: th e  «Mohr-. Coulomb 
Iheqary” a s  i t  i s  u sed  i n  S o il  M echanics to d a y .
A ccording to  e q u a tio n  (11) y ie ld  w i l l  o ccu r when th e  
sh e a r in g  s t r e s s  i n  th e  p la n e s  o f  s l i p  reach ee  S, c r i t i c a l  v a lu e  
Tf w hich depends on à  c e r ta in  sh e a rin g  s t r e s s  f * ,  b u t i s  
p ro p o r t io n a l  to  th e  norm al com pressive s t r e s s  on th e se  p la n e s , 
fh e  s t r e n g th ,  th e r e f o r e ,  w i l l  in c re a s e  a t  g r e a te r  d is ta n c e s
a lo n g  th e  oom pressive O' a x is  o f  th e  Mohr d iagram . fh e  
q u a n ti ty  AO" i n  e q u a tio n  (11 ) ean he term ed a s  a  f r i c t i o n a l  
f o r c e ,  yu  h e ih g  in te r p r e te d  a s  th e  c o e f f i c ie n t  o f  i n t e r n a l  
f r i c t i o n ,  / / i  can th e re fo re  he re p la c e d  hy th e  q u a n ti ty  ta n  /
# h e re  X i s  th e  a n ^ e  o f i n t e r h a i  f r i c t i o n  o f  th e  s o i l .  I f  we
s n h s t i t u t e  th e  cohesion  0 » f o r  th e  c o n s ta n t s h e a r in g  s t r e s s  
f ^ ,  and ta n  y  f o r  yu  i n  e q u a tio n  (11 ) th e  more f a m i l ia r  form 
o f  th e  e q u a tio n  i s  o b ta in e d .
f  »  4 (0 + 0" ta n f O  . . . . . , . . . . . . . . . . . . . . . . ( 1 2 )
fhe angle X i s  .the angle made by the enveloping lin es with the 
O' axis of the:Mç»hr diagram as shown in  Fig. 5-
In, th e  Mohr diagram  F ig*3 th e  p r in c ip a l  s t r e s s  c i r c l e
which i s  ta n g e n t ia l  to  th e  en v e lo p in g  l i n e s  r e p re s e n ts  a  s t a t e  
o f  s t r e s s  a t  in c ip ie n t  y ie ld  o f  th e  s o i l .  fh e  c o n d itio n  o f  
y ie ld  ex p ressed  i n  term e o f  th e  p r in c ip a l  s t r e s s e s  can be 
d e riv e d  from  th e  geom etry o f  ïig * 3 .. ; E q u a tio n  (12) th e n  becomes
i  "  P5)  V + (20 cos y  + {(I, 4 Og) s in  
where Og ÿ. b i .
fwo s p e c ia l  ca se s  o f th e  Mohr Coulomb th e o ry  a re  commonly 
met w ith  i n  s o i l  t e s t i n g .  F or a  p u re ly  co h esiv e  m a te r ia l ,
MOHR DIAGRAM FOR A PURLLy C0NE5IVE SOIL
F  iC. 4
MOHR DIAGRAM fR R M N D S
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an g le  o f  I n ' t e w #  f r lô tlO R  ^  a e ro , egjaation (12) 
beoomes
. I  s  + 0 . I . . . . . . . . . . . .  (14)
and eg,uation (13) d eg e n e ra te s  to
S’,  -  O3 = + 20  ........... .......................... ................. .. (15)
Ih e  envelope P i g .4 béoomee tv/o s tr a ig K t l in e s ' ^ p a ra lle l to  th e  
O' a x is  and a t  a  d is ta n c é  0 from  i t .  f o r  t h i s  case th e  Mohr 
th e o ry  becomes c o in c id e n t w ith  th e  î r e s c a  th e o ry  o f  maximum 
s h e a r in g  s t r e s s .
The second speoisuL ease concerns a  g ra n u la r  m a te r ia l  
p o s se s s in g  no co h esio n . fh e  envelope c o n s is t s  o f  two s tra ig h b  
l i n e s  w hich a re  in c l in e d  e q u a lly  to  th e  O' a x i s  and which pass  
th ro u g h  th e  o r ig in  o f  th e  Mohr diagram  ( f i g . 5 ) .  from  an 
a n a ly s is  o f  f i g . 5 eq u a tio n  (12) becomes
f  '= + O' tain ji ,
and ( 15 ) becomes
^ ^ M 0^) s in  jzf * _ . . . . . . . . . . . . . ( 17à)
from  e q u a tio n  (17a) th e  p r in c ip a l  s t r e s s  r a t i o  a t  y ie ld  i s
2 0 .
Oomputeâ to  be
GÎ ' V 'a t  w ie ld , , ®h? r n t i o  %», l a  g e n e ra lly  known aa  A .
The in v e s t ig a t io n  i n  t h i s  th e s i s  i s  concerned o n ly  w ith  
sands i n  w hich 0 »  Ç and l a t e r  re fe re n c e  w i l l  on ly  be made to  
th e  case covered by e q u a tio n s  (1 6 ), (1 7 a ) , and (17b).
The Mohr-Coulomb th e o ry  o f  s t r e n g th  r e p r e s e n ts  th e  
e x i s t in g  th e o r e t i c a l  b a s is  u s e i  i n  th e  c a lc u la t io n  o f  th e  
s t r e n g th  o f  s o i l s .  The theory,.^assumes;, t h a t  .y ield ., i #  dependent 
s o le ly  on thO t s l h e s  ,o f th e  m ajo r and m inor p r in c ip a l  s t r e s s e s ,  
and 01, The th |.rd , p r in o ip a l  s t r e s s  may have any v a lu e  a s  
in d ic a te d  by 0:| > Og W ithout h av in g  an e f f e c t  on th e
y ie ld  o f  th e  s o i l .  ,
STRAIN
T Y P I C A L  S T R E S S  STRAIN CURVE
FOR SHEAR T E S T  ON SAND
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1
3 1 8 Quasi PR PorWLng th e  B asi s b f  üxperlm ettlîàl in v e sl:!  n a t i  on: 
o f  th e  SurfSoe o f Y ie ld .
5 a ) B e fin iiiio n  o f  Y ie ld .
ï n  m a te f ia l s  such a s  sands which undergo d efo rm atio n s
, . ■ . * , 4 % f-' • • ■ . i
which are not reooverahlé i t  i s  hot possib le to re la te  the 
point of y ie ld in g  in  a s tre ss  stra in  ourre to the lim it  of 
e la s t ic i ty  o f thé m aterial• A typ ica l s tr e ss  stra in  curve 
for  a shear t e s t  on a sand i s  shown in  f ig ,  6* fwo points on 
the curve are fa ir ly  w ell defined and these are represented 
hy X giving the peak s tre ss  ^ d  X giving the ultim ate stress  
a t a value lower than X* y ie ld in g  i s  conventionally assumed 
to occur at point X and the strength i s  calculated from the 
stresses  at th is  peak value, fhe peak s tre sse s  w ill  be 
referred to hereinafter as the s tresses  defin ing the y ie ld  of 
the m aterial,
3 h) fhe Mohr-Ooulomb Surface of Y ield ,
fhe surface o f y ie ld  representing the Mohr-Ooulomb theory 
of strength has not been described before as far as i s  known 
and i s  therefore deduced below.
The Mohr-Goulomb condition of y ie ld  fo r  sends in  the
\
cx \
F ig. T o
sin 0
cos l .f l - s i n  C> 
+ Sin m
FIG
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i s o t r o p i c  s t a t e  can be ex p ressed  in  i t s  m ost g e n e ra l form  by 
[ s i n  jrf((r,+ O g)] [(CTg- 0 ^ )^ - [ s i n  /(0 ^ +  G^)]
j(cr^-(X,)2-  [ s in y ( c r ^  + or.,)] j  = 0 ..................... (1 8 )
where X I s  the angle of in ternal fr io tio n  o f the material*
IBqnation (18) represents s ix  conditions of flow from which 
the irateri’aediate principal s tress  i s  always absent*
Sands cannot transmit te n s ile  s tresses  therefore the
surface can only e x is t  along the compressive d irections o f the 
system of three dimensional coordinates denoted by <Xj , and 
0  ^ * By equating î s s O g ^ O ^ - O i n  (18) the surface at the 
orig in  of the system of coordinates i s  found to he a point. 
Sections of the surface must increase in  dimension, at greater 
distances from the orig in  along the compressive d irections of 
the coordinates#
In Big#7b the compressive d irections of the axes of , 
refex'enoe are shown. In a section  hi seating the plane of 
CTg 0  ^ and along CT^ the Mohr-OouXomh' surface w il l  he as shown 
in  Big*7h# 3?his section  passes through the space diagonal 
and i t s  ax is of reference he come CTj and \ /2  0  ^ -  ^/2 0  ^ . The
angle made hy the space diagonal and the axis i s
c o b " ' '  - U  =  5 4 °  4 4 ' .
s/5
RIGHT SECTION OF MOHR COULOMB
SURFACE OF YIELD
2 3 .
The l i n e s  boim êing th e  s e c t io n  o f  th e  s u r fa c e  i n  P ig ,? h  
a re  s t r a i g h t  and t h e i r  s lo p e s  w ith  re fe re n c e  to  th e  a x is
°3 ® ^ % 44 i  e i ÿ
(ôee eqnviT'b) ♦ In  a  s e c t io n  perpendicu laj?  to  th e  space 
d ia g o n a l A O'A' i n  3 ig .  7 t  th e  in t e r c e p t  A O' made hy l i n e
M “  ^  ^  and th e  space d iag o n a l '
( = 0 0 'ta n  (tatt*"^ ) » 35** 16*)) i s  g r e a te r
th a n  th e  i n t e r c e p t  waÿ.â hy l i n e  M * * )  nnd th e
space d ia g o n a l ( « QO 'tan (35** 16 ' ta n ”  ^ -j—  ) ) .
s / 2  1 + s in  ft
Ih e  v a lu e s  a re  0 0 'ta n  29** 30» and 00 ' ta n  22° f o r  ^  «  30** • 
S e c tio n s  o f  th e  su rfa c e  o f  y ie ld  p e rp e n d ic u la r  to  th e  space 
d iag o n a l a r e  th e re fo re  n o t sym m etrical ahou t th e  space 
d ia g o n a l. Ih e  amount o f  e c c e n t r i c i ty  i s  dependent on th e  
an g le  o f  i n t e r n a l  f r i c t i o n  / .
lafeing  a  view  lo o k in g  down th e  space d ia g o n a l i n  f lg .7 h  
tw o -p o in ts  on th e  y ie ld  su rfa c e  A and A' a re  o h ta in s d . F or 
s im i la r  c o n s tru c tio n s  p o in ts  B andi B* $ and 0 and O' can he 
o h ta in e d . These p o in ts  a re  th e  c o m e r  p o in ts  o f  a  r i g h t  
s e c t io n  o f  th e  y ie ld  s u r fa c e . The r i g h t  sec t!op . o f  th e  
s u r fa c e  found i n  t h i s  way i s  shorn  i n  P ig .8 and i t  i s  seen  to  
he a hexagon w ith  eq u a l s id e s  h u t o p p o s ite  s id e s  h o t  h e in g  
p a r a l l e l .
The shape o f  th e  Mohr-Coulomh s u r fa c e  o f y ie ld  f o r  sands 
i s  th e re fo r e  a  hexagonal pyram id w ith  i t s  apex a t  th e  o r ig in
2 4
and ex istin g  along the oompreasive d irections of the system 
of ooordinates (0^, 0^? 0^)* $he slopes o f th e .s id es  o f the 
surface are deteamined hy fS and are constant. Bight sections  
o f the surface increase in  s is e  at increasing distances from 
the orig in  along the ax is (the space diagonal). The shape of 
the right section s are sim ilar at any distance along the ax is  
and are in  general as shown in  Pig.B. 'Che shape o f the right  
section  i s  dependent on /  and reduces towards a tr iang le  as ff 
tends to 90^* fhe ï^ght section  tends towards a regular 
hexagon as tends to 0.
3 o) Application of Other Possib le Theories.
= E xisting information on the hehavidur of sands under 
stress  comes mainly from the tr ia x ia l  compression t e s t  and i t
to assume the Mohr-Goulomh thpofy in  the in terpretation  
of the resultsa I t  i s  possib le however/  to  suggest other 
y ie ld  c r ite r ia  which in  the lig h t  o f ex is t in g  knowledge would 
he in st as sa tis fa c to ry . In th is  respect the Jresca and Von 
p ise s  theories o f strength can he used for  sands hy extending 
the condition o f  y ie ld  to include dependency on the mean 
normal s tr e s s .
?he extended fresoa condition then hecomes (from e # .  iS)
jjEi ^(0^ 4-02+03) J  j  ®* 0 (19)
EXTENDED VON MI S ES
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where E . I s  a  c o n s ta n t r e la te d  to  f ( s i n  ff)^
Ih e  ex tended  î r e s o a  su rfa c e  o f y ie ld  re p re s e n te d  by eq.n.19 i s  
a  r e g u la r  hexagonal pyram id w ith  i t s  apex a t  th e  o r ig in  o f  th e  
system  o f  th re e  d im ensional c o o rd in a te s . B igh t s e c t io n s  o f  
t h i s  su rfa o e  eo ih o id e  w ith  r i g h t  s e c t io n s  o f  th e  Mohr Ooulomb 
su rfa c e  a lo n g  th e  m ajo r p r in c ip a l  s t r e s s  d i r e c t io n s  a t  p o in ts  
A, B and 0 i n  P ig .9.
The extended Von M ises c o n d itio n  o f y ie ld  (from  e g n .1 ) i s  
ex p ressed  by
(GT^^G'2)^+ = Tzg 1  (O'^+Og+Oj) J  . , . . . . . ( 2 0 )
where Eg i s  a  c o n s ta n t a ls o  r e la te d  to  f ( s i n  X ).
The ex tended  Ton M ises s u rfa c e  re p re se n te d  by eqn .20  i s  a  cone 
w ith  i t s  apex a t  th e  o r i # n  o f  th e  system  o f  th re e  d im ensional 
c o o rd in a te s .  B igh t s e c t io n s  o f  t h i s  s u r fa c e  a re  c i r c u la r  and 
c o in c id e  w ith  r i g h t  s e c t io n s  o f  th e  Mohr-Ooulomb su rfa c e  and 
th e  extended T resoa s u r fa c e  a long  th e  m ajor p r in c ip a l  s t r e s s  
d i r e c t io n s i  a t  p o in ts  A> B and 0 i n  P i g .9.
5 d) G eneral P r o p e r t ie s  o f  The S u rface  o f  Y ie ld .
In  m a te r ia l s  such a s  sands where y ie ld  depends on th e  
mean norm al s t r e s s  th e  s e c t io n s  o f th e  s u r fa c e  w i l l  v a ry  w ith  
th e  d is ta n c e  a lo n g  th e  space d ia g o n a l. I n  th e  in v e s t ig a t io n
g ;
0  + ve
0 - v e
.cr
A R IG M T  S E C T I O N O F A  Y I E L D  
SUR FA CE  FOR AN ISOTROPIC MATERIAL
FIG. 10
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o f  righ.1î s e c t io n s  o f  th e  su rfao e  o f  y ie ld  f o r  suoh m a te r ia ls  
th e  p re c a u tio n  must he ta k en  th a t  th e  p o in ts  on th e  s u r fa c e , 
d e f in e d  hy t h e i r  p r in c ip a l  s t r e s s e s ,  e x i s t  on th e  same aright 
s e c t io n .  îh e  p o in ts  w i l l  e x i s t  on th e  same r i g h t  s e c t io n  i f  
th e  s t r e s s e s  d e f in in g  them obey th e  c o n d itio n  th a t  
(T^  + CTg + O', a  0 where 0 i s  a  c o n s ta n t,
É ig ,10 shows a  r i g h t  s e c t io n  o f a  su r fa c e  o f y ie ld  i n  a  
system  o f  th r e e  d im ensional c o o rd in a te s  Glj, 0^ , OL, T his 
s e c t io n  i s  i n  th e  p lan e  o f  th e  paper and i t  e x i s t s  a t  some 
d is ta n c e  a lo n g  th e  space d ia g o n a l, th e  a x i s ,  such t h a t  
0'^  + 0^ + O', =* 0 , a  c o n s ta n t .  I t  i s  s u f f i c i e n t  f o r  th e  pu r­
p o ses  h e re  to  c o n s id e r  t h a t  a n e w  o r ig in  i s  s i tu a te d  a t  0 ' ( in  
th e  p la n e  o f  th e  p ap er) and t h a t  th e  extended m ajor s t r e s s  
d i r e c t io n s  a re  n e g a t iv e .
The r i g h t  s e c t io n  o f  th e  y ie ld  s u rfa c e  may he concave o r  
convex i n  any 120° seq u en t h u t nob so t h a t  a  ra d iu s  c u ts  i t  
tw ic e . p e r  an i s o t r o p i c  m a te r ia l  i f  th e  s t r e s s e s  (cr.|, 0^ , OL) 
r e p re s e n t  y ie ld  so a ls o  do th e - s t r e s s e s  (CTg, , 0%) e t c .  The 
r i g h t  s e c t io n  o f th e  su rfa c e  i s  th e re fo re  sym m etrical ahou t 
AA', BB' and GO' P i g .10. I n  o th e r  words th e  shape o f  th e  
r i g h t  s e c t io n  o f  th e  y ie ld  su rfa c e  marked o f f  hy th e  threU 
c o o rd in a te  d i r e c t io n s  i s  th e  same a p a r t  from  r e f l e c t i o n s .  In  
th e  ex p e rim en ta l d e te rm in a tio n  o f th e  y ie ld  s u r fa c e  i t  i s  
s u f f i c i e n t  to  app ly  o n ly  th e se  s t r e s s  system s whose v e c to r s  
l i e  i n  a  s e le c te d  60° segm ent. T his may o th e rw ise  he ex p ressed
27.
i n  term s o f  th e  p aram eter ÏÏ in tro d u c e d  hy Bodê'®^.
2 Gk -  O', -  o;
Ü a '2
O', -  Olj
where 0:^  0^ ^  OL ( i . e .  f o r  segment B^O'A B ig . 10)
I t  can he shown th a t  ÏÏ = ta n  0 where 6  i s  th e
an g le  made hy th e  s t r e s s  v e c to r  O 'B 'w ith  d i r e c t io n  O'X in  P ig . 
1 0 . 0  i s  n e g a tiv e  o r  p o s i t iv e  i n  th e  d i r e c t io n s  sho?n i n
B ig . 10. (T his i s  deduced i n  Appendix I I ,  see  a ls o  H lll^® ^), 
The r i g h t  s e c t io n  o f  th e  experim ental, s u r fa c e  o f y ie ld  can he 
com ple te ly  determ ined  hy ap p ly in g  s t r e s s  system s such th a t  0  
co v ers  th e  range  from  0° to  +50° and 0° to  -5 0 °  in  B ig ,10 
w ith  B v a ry in g  from -1  to  0 to  +1 .
5 e) The S t r e s s  Systems R equired f o r  an E xperim ental
I n v e s t ig a t io n  o f  th e  su rfa c e  o f y i e l d .
The th re e  th e o r ie s  which have a  p o s s ih ie  a p p l ic a t io n  i n  
th e  p re d ic tio n , o f  y ie ld  i n  sands a re  th e  Mohr-Ooulomh th e o ry , 
th e  ex tended  T resoa th e o ry  and th e  ex tended  Ton M s e s  th e o ry . 
The e x te n s io n s  made to  th e  T resoa and Ton M ises th e o r ie s  a re  
d e sc r ib e d  i n  B éo tien  3 c ) .  The r i g h t  s e c t io n s  o f  th e  y ie ld  
su rfa c e  which th e se  th e o r ie s  re p re s e n t a re  shown in  P ig ,9.
In  p i g .9 th e  r i g h t  s e c t io n s  f o r  a l l  th re e  th e o r ie s  have been
EXTENDED VON MISES  
E X T E N DE D  T P E S C A
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made to çoinolde along the major principal s tress  d irec tio n s , 
at points A, B and 0.  ^ ïPhe right section s o f the surfaces 
represented hy the extended Tresoa and Von Mises surfaces in  
addition coincide at points A' $ and 0^.
In the in v estig a tio n  o f the surface of y ie ld  only a 60  ^
s a v e n t  o f the r igh t section  need he considered. For 
simplicit^^ further reference i s  only made to one o f these 
segments^ segment B'O'A in  Fig*9. In  segment B'O'A a large  
deviation i s  found hetween the right section s of the Mohr- 
Goulomh surface aiid the extended Tresoa and Von Mises surfaces 
along the d irection  * The deviation hetween the Mohr- 
Ooulomb right section  and the Tresca right section  I s  greatest 
along th is  d ireotion . The greatest deviation 'between the 
extended Tresoa and the extended Von Mises r igh t sections i s  
found along the h isector  of segment B^ O'A^  that i s  along O'X* 
The righ t section  of the Mchr-Ooulomh surfaoe deviates most 
from the von Mises surface alone 0 '2 . O'Z i s  the sm allest 
s tre ss  vector ) from the centre to the Mchr-Ooulomh
surface* The p osition  o f 0 for  to he a minimum varies  
with the Value o f /  in  the equation (18),
The righ t section s of the th eoretica l surfaces are hased 
on the values of the constants and Kg, in  equations (18)
(19) and (20), which are obtained from a system qf s tress  which 
provides a point on the righ t section  of the surfaoe of y ie ld  
at p osition  A. A stress  system which provides experimental
29.
points on the right section  of the surfaoe of y ie ld  along 
direction  O'B' w ill  in d icate whether the MohZ'-^ OOulomh theory 
or the extended Tresoa and Von Mises theories are applicable.
I f  the Mohr-Goulomh theory is . proved wrong and the point on 
the experimental r i# i t  section  along O'B' coincides with that 
o f  the extended Tresoa and Von Mises theories a stress  system 
which provides points along the d irection  O'X w ill  prove to 
the best advantage which of these theories i s  applicable « 
Furthermore i f  the s tre ss  system which provides experimental 
points along O'B' shows that none o f the theories i s  applicable  
the best farther in d ication  of the true shape o f the experi­
mental fu ffaoe of y ie ld  w ill  be given by a s tress  system which 
provides points along the d irection  O'X which i s  intermediate 
between the p osition s of the points already found along O'A 
and
A complete and rigorous experimental Investigation  o f the 
right section  o f the surface of y ie ld  would require points to 
be obtained on the surface at close in terv a ls  between B' and A* 
An in vestiga tion  as comprehensive as th is  would not be ju s t i­
f ie d  i f  the right section  proved to be olqse to that of of 
the th eories. The s tress  systems which give points on tbe 
right section  of the surfaoe of y ie ld  along the direction^ O'A, 
O'B' ahd O'X w ill  provide the best f i r s t  approximation to the 
true shape o f the righ t section  of the experimental surface of 
y ie ld . I f  the experimental right section  i s  found to vary
30
widely from the theoreM eel right sectionB additional points 
w ill  have to lie obtained between X and B' and X and A*
The s tress  systems which are desired for the experimental 
In vestigation  of the righ t section  of the surface of y ie ld  a re :
1) TO provide points along d irection  O'A (Fig# 9) 
whioh l a  term s o f  I io d e 's  p aram eter
U *s
eacl 0  "  ^ te a  . a  «*^0^
2 ) To p ro v id e  p o ia ts  ^ o n g  d ire o tio n . 0 *B* ( f i g . 9 )
0  . - 1 . . . . .
- Æ '  "
5) To p rov ide  p o in ta  a long  G'X (F ig .9 )
Gl > %  > Oi
31
0  = *— a 0
and 0 «Ï 0
In addition to the in vestiga tion  o f the righ t sections of 
the surface o f y ie ld  i t  i s  a lso  necessary to estab lish  the 
shape o f the surface in  space. The surfaces of y ie ld  for the 
Mohr Ooulomb and the extended Tresoa theories are hexagonal 
pyramids and that of the extended Von Mises theory i s  a cone. 
The apex of a l l  three surfaces i s  at the orig in  of the system 
of three dimensional coordinates and the righ t sections are 
sim ilar in  shape but increase in  dimension in  the compressive 
direction s at greater distances from the orig in  along the space 
diagonal. In order to estab lish  the shape o f the experimental 
suriace in  space i t  i s  therefore necessary that the s tre ss  
systems 1 ), 2) and 3) should provide a su ff ic ie n t  range of  
stress  to allow the shape o f the surface to be investigated  at 
section s at d ifferen t distances along the space diagqjxql.
5 f ) The Apparatus Required for the Bxperimental Investigation
0  ^ the Surface of Iff e ld .
The standard apparatuses used in  the strength te s t in g  of
32*
eo ilB  a re  th e  d i r e c t  e h e a r  ap p ara tu s»  and th e  t r i a x i a l  
a p p a ra tu s . I n  th e  d i r e c t  sh e a r  a p p a ra tu s  th e  norm al and 
s h e a r in g  s t r e s s e s  on th e  p la n e  o f s l i p  a re  m easured and hy 
assum ing a  c o n d itio n  o f  y ie ld  th e  v a lu e  o f  th e  m ajor and m inor 
p r in c ip a l  s t r e s s e s  he found; The v a lu e  o f  th e  i n t e r ­
m ed ia te  p r in c ip a l  s t r e s s  i s  in d e te rm in a te .
I n  th e  t r i a x i a l  com pression t e s t  a  c y l in d r ic a l  sample i s  
su h je o te d  to  a  f l u i d  p re s s u re  and y ie ld  can he induced hy 
In c re a s in g  th e  a x ia l  s t r e s s . The p r in c ip a l  s t r e s s e s  a re  
ImoVto th ro u g h o u t th e  t e s t .  The m inor p r in c ip a l  s t r e s s  i s  
equal to  th e  in te rm e d ia te  p r in c ip a l  s t r e s s  and i s  th e  v a lu e  o f  
th e  f l u i d  p re s s u re .  The m ajor p r in c ip a l  s t r e s s  i s  th e  sum o f  
th e  f l u i d  p re s s u re  and th e  in c re a s e  i n  a x ia l  s t r e s s  caused hy 
th e  a x i a l  lo a d .
Of th e  s t r e s s  system s re q u ire d  f o r  th e  in v e s t ig a t io n  in to  
th e  y ie ld  c o n d itio n s  (S e c tio n  3 ®) 1) and 2) can he o h ta in e d
i n  th e  t r i a x i a l  a p p a ra tu s .
S t r e s s  system  1) (Ij>  0^ # %  r e p re s e n ts  th e  s t r e s s  condi­
t io n s  i n  an o rd in a ry  t r i a x i a l  com pression t e s t ^ a s  d e sc rih e d
> ■ . ' • - y • \
ahove.
S tr e s s  system  2) 0^ > 01 can a ls o  he o h ta in e d  i n  th e
t r i a x i a l  a p p a ra tu s  hy a d a p tin g  i t  to  produce y ie ld  hy r e l ie v in g  
th e  a x ia l  s t r e s s  so t h a t  th e  m ajor and in te rm e d ia te  p r in c ip a l  
s t r e s s e s  a re  eq u a l to  th e  f l u i d  p re s s u re . The a x ia l  s t r e s s  i s  
th e  m inor p r in c ip a l  s t r e s s .  This t e s t  i s  g e n e ra l ly  known as
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th e  t r i a x i a l  e x te n s io n  t e s t .
I n  th e  t r i a x i a l  a p p a ra tu s  th e  f l u i d  p re s s u re  can he 
a l t e r e d  to  a llo w  th e  su rfa c e  o f  y ie ld  to  he in v e s t ig a te d  a t  
s e c t io n s  a t  d i f f e r e n t  d is ta n c e s  from th e  o r ig in  o f  th e  system  
o f  o o o rd in a te s .
@4 + cr,
iPor th e  rem ain ing  s t r e s s  system  5) where 0^ «
a  new a p p a ra tu s  m is t  he d ev ised  s in c e  no s ta n d a rd  s o i l  t e s t i n g  
a p p a ra tu s  can produce such a  system  o f s t r e s s .
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fhe 33esim and DeeorlpMom of tW New ApparatuB (g!he g?hSok 
Cylinder Apparatus.
4 a) A nalysis of Qonditione ai; P o in t of Y ie ld ,
A su itab le  method o f obtaining the desired stress  
d istr ib u tion s i s  by te s t in g  the m aterial in  the form of a 
th ick  walled cylinder# The thick cylinder sample can be 
constrained by an in sid e  and outside pressure, the in sid e  
pressure can then be increased u n t il  y ie ld  i s  induced* An 
element of m aterial i s  therefore subjected to rad ia l, 
tangential and ax ia l compressive stresses*
As was stated in  Section 3 e) lib was decided to apply a 
system of s tre ss  which w il l  provide points along O'X, in ter ­
mediate between and O'A in  the right section  o f the 
surface of y ie ld  S’ig*9, and i f  the resu lts  required a fu lle r  
enquiry to apply other s tre ss  systems which w il l  provide 
additional points on the surface between X and B ', and X and 
A as a supplementary part o f the in v estig a tio n , Using the 
th ick  cylinder method o f te s t in g  the f i r s t  s tre ss  system can 
be approximately obtained by arranging the dimensions o f the 
sample such that the ax ia l s tress  (intermediate) has a value
X^ê 4* 0%
Q- ^  — i  (where 0;j >  >  Gi),
' !
STRESSES IN . W A L L  OF  
THICK C Y L IN D E R  SAMPLE
F I G .  11.
3 5 .
th e  a x ia l  e t r e s s  b e in g  produced by lo a d  d if f e r e n c e s  on th e  
se a le d  cap o f  th e  sam ple. O ther s t r e s s  system s, i f  th ey  cure 
re q u ire d , can bo o b ta in ed  in  th e  th ic k  c y l in d e r  a p p a ra tu s  by 
a d a p tin g  i t  to  produce r e l i e f  o r  in c re a s e  o f  th e  a x ia l  s t r e s s .
f o r  guidance i n  th e  d es ig n  o f  th e  a p p a ra tu s  i t  was assumed 
th a t  th e  Mohr-Ooulomb th e o ry  o f s tr e n g th  h o ld s .
The s t r e s s e s  i n  a  v e r t i c a l  s e c tio n  o f  th e  th ic k  c y lin d e r  
sample w i l l  be as  shown in  P ig .11 where
b d eno tes th e  o u ts id e  ra d iu s
a
P
<^ r
0%
bore ra d iu s  
o u ts id e  p re s s u re  
bore p re s su re
r a d ia l  s t r e s s  a t  any ra d iu s  r  
ta n g e n t ia l  « • » r
The fo rc e s  must be in  e q u ilib r iu m  
a t  any ra d iu s  r
T
0^ d r « 0 (21a)
Cn d i f f e r e n t i a t i o n  (21a) te o o m ..
r  d(K
-  - d r
(21b)
0^ i s  th e  m ajor p r in c ip a l  s t r e s s  and 0^ i s  th e  m inor p r in c ip a l
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e t r e s s .  Aesuraing th e  MpKr-doialomh c o n d itio n  Of y ie ld
0^  #  A (eqn.17b)» g t th s t i t t t t in g  f o r  i n  (2Tb) a t  y ie ld
m
X OL ( A 1 )
(21c)
én in t e g r a t i n g  (2 1o) becomes
lo g  r  w • ( lo g  (Xp -  lo g  A)
o r  ^ A r   ^ (21d)
wheire A i s  a  c o n s ta n t o f  i n t e g r a t i o n
g iv in g  0L and hence GiJ. a t  any ra d iu s  a t  th e  p o in t  o f  y ie ld .  
D aring  th e  t e s t  th e  o u ts id e  p re s su re  w i l l  be k e p t c o n s ta n t and 
th e  in s id e  p re s s u re  w i l l  be in c re a se d  u n t i l  f a i l u r e  o c c u rs .
At o u ts id e  ra d iu s  b , , S u b s t i tu t in g  f o r  0^ I n
A .
b ( A -  1)
The r a d i a l  s t r e s s  a t  y ie ld  a t  any ra d iu s  r  i s  th e r e fo r e  g lyen  Ty
(A ” 1)
^ ) . . . . . . . . . . . . . . . . . .  (22)
The p re s s u re  a t  th e  bore  ( r  = a) which w i l l  j u s t  cause y ie ld
37
i s  g iven  by
a \ {A -  1)
<^r. -   (23)
and th e  ta n g e n t ia l  s t r e s s  a t  y ie ld  a t  th e  b o re  by
s * A ® 0 ( ^ ) ^  ^  (24)
The average  r a d i a l  s t r e s s  i n  th e  w a ll o f  th e  sample can 
be o b ta in e d  from (2 2 ),
t> (A -  1)At any ra d iu s  r  th e  r a d ia l  s t r e s s  Ç ^
The average  r a d i a l  s t r e s s  =
■jj(A- 1)
rb
r ^ ^ "  T )d r 
b  -  a  ,
a
$ ^0 7».  ^ A
av . A ^ ( A -  1 )(i) _ a)
» « - , (b — a  ) , « « » (25 )
The average  ta n g e n t ia l  s t r e s s  i s  o b ta in ed  from  co n d ü i.o n s o f  
e q u ilib r iu m  o f  th e  sample
b .  Di a
% v. b -  a
The a x i a l  s t r e s s  i s  c o n s ta n t over th e  h o r iz o n ta l  s e c t io n s  o f
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th e  wall and i s  g iven  by
r„ 7 .i.2  -  ijT it.®
y  35   ■ . ' . . . i n .  I ' ,  i n - h - r .  i ' i /
71 b^ -  7t a^
(23) 0-  ^ # P (88)
The a x ia l s tr e s s , the Intermediate principal s tr e s s , 
v a r ies  in  magnitude between the values o f the radial s tr e ss , 
the major principal s tr e s s , and the tangentia l s tr e s s , the 
minor principal s tr e s s , depending on the value o f A and the 
ra tio  o f the sample dimensions * A )%inimm wall thickness
o f ^^ 4*^  was decided upon for the medium send to he used end the 
sample dimensions were chosen for convenience^ The outside 
radius was fixed  at 2  ^ and maintaining a wall thickness o f ^^4" 
the here radius he comes 1^ ** making the ra tio  ^/a «= 1»6 *
The values o f the average major, minor and in tew ed ia te  
principal stresaes at y ie ld  for  the chosen saoxple dimensions 
are shown in  Ta h ie  1. The s tresses  are computed from eqns. 
(25), (26) and (27) for A  « 0*5 (hhgle o f in ternal fr ic t io n  
X = 32^ 3 6 ')  and A ^ 0 .2  ( ^  « 42^ 12"^).
A comparison of the la s t  tvm columns of Thhle I shows 
that the ax ia l s tre ss  i s  vex^y.nearly equal to h a lf the sum o f
r  = l4
•r = '2''
Po Po
THICK CYLI NDER S A M P L E  ;
DISTRIBUTION OF RADIAL STRESS  
ACCORDING TO MOHR COULOMB 
THEORY (A = 0 -3 )
F i g . 12.
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th e  m ajor and m inor p r in c ip a l  s t r e s s e s  f o r  X v a lu e s  re p re se n t- , 
in g  a range o f  a n g le s  o f  i n t e r n a l  f r i c t i o n  o f  a t  l e a s t  from 
32® to  42®.
T able I
X 02 (<r^ ) O'!  ^ O3
2
0 .3 1-155 ï„ 0,347 Pq . 0.750 Pq 0.751 Pq
0 ,2 1.200  Ï q 0.240 pQ 0.705 Pq 0.720  Pg
The d i s t r i b u t i o n  o f r a d i a l  s t r e s s  a c ro s s  th e  w a ll o f  th e  
sample a ls o  v a r ie s  w ith  th e  v a lu e  o f  A . The r a d ia l  s t r e s s  
a t  any r a d iu s  i s  g iven  by eq u a tio n  (22)
The d i s t r i b u t io n  o f  r a d ia l  s t r e s s  f o r  A = 0 ,3  i s  shown i n  
F i g .12. The curve i s  s l i g h t l y  convex b u t v e ry  n e a r ly  l i n e a r  
w ith in  th e  sample d im ensions. The ta n g e n t ia l  s t r e s s  a t  any 
ra d iu s  i s  eq u a l to  X tim es  th e  r a d ia l  s t r e s s .
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4 b) Desoylption of the SMok GyXinder Apparatug.
fhare are two partà to the th ick cylinder apparatus 
namely the pressure Cell and the pressurising system.
1) The Pressure O ell.
The pressure o e ll  con sists  of f iv e  ind ividual parts; 
the hase, the hase adaptor, the sample end p iece , the sea lin g  
cap and the transparent pressure Cylinder. The pressure Cell 
i s  shown assemhled in  f ig .  13 * The hase, the hase adaptor, 
thé sample end p iece , and the sea ling  cap are shown separately  
in  f i g s . 14 and 15. The transparent pressure cylinder i s  
shown in  photo f ig .  16 *♦
The hase i s  a s te e l  p late with a raised ring on i t s  upper 
s id e . The ring forms the pedestal for  the sample and i s  the 
p osition  o f the outer memhrané sea l. Entries for  water are 
provided to the hore and to the outside o f the sample. An 
entry to the hase o f the sample i s  also provided to allow  
volume change measurements to he made.
The hase adaptor i s  a hollow cylinder with the upper
portion o f the wall threaded to mate with the pedestal on the
hase. A gasket forms a seal between the adaptor and the hase;
The recessed portion on the adaptor provides the position  o f
the lower inner memhrane sea l. The sum pf the thicknesses of
the adaptor and the hase pedestal make up the wall of the 
sample.
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Thé provision made in  designing the hase adaptor so that
i t  i s  removable from the hase allows the apparatus to he simply-
adapted for  te s t in g  other s o i ls  in  which d ifferen t wall thick­
nesses are required.
fhe sample end piece fonus the p osition  of the upper sea l 
for  the inner and outer membranes. An entry i s  allowed to 
the wall so that the sample can he completely saturated with  
water. The sea lin g  cap screws down over the sample end p iece.
A holding to o l which f i t s  into two recesses on the end piece  
allows the cap to he sealed without applying a torque to the 
sample.
The roof of the sea lin g  cap i s  coned to allow the evacua­
tio n  o f a ir  from the hore of the sample when i t  i s  f i l l e d  with 
water. The f in a l seal» iso la tin g  the hore from the outside of 
the sample, i s  effected  by a screw and gasket in  the cap.
Ihe pressure cylinder i s  located on a groove on the base
p late  and i s  held down by s ix  h o lts .
(Dhe outside and in sid e  formers required to prepare the 
sample are shown in  Photo Pig. 17. The outef^ former i s  a sp lit  
hollow cylinder with an in side diameter of 4 in . This former 
f i t s  in to  a groove on the base p late and lo ca tes  the sample on 
the pedesta l. The in sid e former i s  a so lid  wooden cylinder.
The th ick  cylinder samples have hore diameter of 2§ in . an out­
side diameter of 4 in . and a height o f 6 in . The rubber membranes 
used to confine the samples have a wall thiclm ess of 0.008 in .
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2) The P rësB ure A pplying and M easuring Equipm ent.
The p re s s u re  system  used  lu  th e  th ic k  c y l in d e r  t e s t  i s
sho rn  d ia g ra m a tic a lly  in  P ig . 18 . The p re s s u re  f o r  th e  o u ts id e
o f  th e  sample i s  su p p lie d  from p re s su re  so u rce  A. The p re s su re  
i s  produced by th e  head er tan k  and m ercury column* Changes in  
th e  amount o f  m ercury i n  th e  h eader ta n k  caused by th e  deforma­
t i o n  o f th e  sample a re  accommodated m th o u t  change o f  head by 
th e  e x te n s io n  o f  th e  com pensating s p r in g . The h ead er tan k  i s  
suspended from  a s t r i n g  o v er a  p u lle y  and can be s e t  to  produce 
p re s s u re s  ra n g in g  from 0 70 I b . / i n  .
The pressure at the bore of the sample i s  increased by
pumping mercury up the manometer by means o f the foot pUmp. 
(Pressure source B, P ig .18)* Narrow (5/16** X.B.) tubing was 
chosen for the manometer so that the volume change would cause 
r e la t iv e ly  large decreases in  head allowing equilibrium condi­
tio n s  to be quickly obtained and thus giving stra in  control*
The o u ts id e  p re s s u re  i s  a c c u ra te ly  m easured on th e  monometer 
a t  th e  s t a r t  o f  th e  t e s t  by connecting  p re s s u re  sou rce  A w ith  
p re s s u re  so u rce  B. The bore p re s s u re s  a re  measured th roughou t 
th e  t e s t  on th e  manometer.
The s c a le  on th e  manometer i s  g raduated  in  incheq  and
te n th s .  The p re s s u re  i s  o b ta in ed  from a c a l ib r a t io n  curve
w hich makes a llow ances f o r  th e  changing head in  th e  a i r - w a te r  
change-over and f o r  th e  head o f w ater up to  th e  p re s su re  c e l l .
A p re s s u re  o f  1 I b . / i n ^  re p re s e n ts  ap p ro x im ate ly  two in c h e s
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ont tu© manometer» R eadings on th e  s c a le  o ^ ,  he made w ith  an
acouracy  o f a t  l e a s t  1 /20  in c h  g iv in g  a  p o s s lh le  e r r o r  o f 
th.^  1 /40  in c h  re p re s e n t in g  aii aoouracy o f  ^  «063^ a t  a  p re s su re
p  ■ > ■
o f 20 I h . / i n  . S h is  i s  w ith in  th e  d e s ire d  accu racy  a s  shown 
i n  Appendix I f .
3) Measurement o f  Sample P im ensiona.
The im portance  o f  th e  d iam ete r m easurem ents o f  th e  
specim en i s  i l l u s t r a t e d  i n  Appendix I f .  The d ia m e te rs  a re  
m easured b e fo re  th e  t e s t  and a f t e r  f a i l u r e  o f  th e  specim en.
The o u ts id e  d iam ete r i s  m easured hy o rd in a ry  o u ts id e  c a l l i p e r s .  
Ror th e  measurem ent o f  th e  hore  d ia m e te r, s p e c ia l  c a l l i p e r s  f o r  
in s id e  measurement had to  he made. E s t l i ^ t i o n s  o f  1 /100*^ in c h  
cou ld  he made w ith  th e s e .  The accu racy  o f  m easuring  th e  . 
d ia m e te rs  i s  + th ,  in c h  re p re s e n tin g  a  p o ss ib le , e r r o r  o f 
th .  o r , ^  0*|2^ on an in s id e  ra d iu s  o f  1 ,25 in c h e s  and 
+ 0 .125^  on an o u ts id e  ra d iu s  o f  2 in c h e s . ,
44
SBO'TIOR 5 '.' •
Be803?iptibn o f Experimental Work.
5  a )  The iSand ¥aecL *
Iiooh Aline sand was used in  a l l  t e s t s  reported in  th is  
thesis*  The sand i s  fu lly  described in  Appendix I .
5 b) The Tests Performed^
A summary of the t e s t s  perfoMted i s  shown in  Table I I .
Table 11 .
Summary o f T e s ts  Perform ed
Type o f  T es t S e i ie s Average I n i t i a l   ^ T o rp s ity
T r ia x ia l  Oom^presBlon
: ; ' i 43*0^
T r ia x ia l  E x ten sio n
.■ . - . V - ,  - ,  . . .  '
T r ia x ia l  Gompression
2 38*5^
T r ia x ia l  E x ten sio n
T r ia x ia l  Compression
5 3 6 .6 ^
T r ia x ia l  E x ten sio n
T r ia x ia l  Compression
4 ’
T r ia x ia l  E x ten sio n
TüdLok G y lin àe r 5 35.6/»
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your ser ies  of t e s t s  at d ifferen t p o ro s itie s  were carried  
out in  the tr ia x ia l  apparatus, each ser ie s  con sistin g  of a 
range o f compression and extension tests*  One ser ies  of 
t e s t s  was perfomed at a low porosity in  the thick cylinder 
apparatus.
The resu lts  of tr ia x ia l  compression and extension te s t s  
reported by T a y l o r a n d  Habib^5)(4) (geotion 1) disagreed 
with the re su lts  o f an early ser ie s  o f t e s t s  performed by the 
author. In view o f  th is  disagreement three additional ser ies  
o f tr ia x ia l compression and extension t e s t s  were performed by 
the author in  order to confirm that the early resu lts  were 
representative o f the conditions at p o ro sitie s  ranging through­
out the lim its  for  the sand. The resu lts  for  the additional 
se r ie s  confirmed the resu lts  of the early ser ie s  and showed 
close  agreement with the Mohr-Goulomb theory^ The thick  
cylihder t e s t s  were performed on samples a t ,one porosity as the 
time taken to perform the t e s t s  was lengthy and the resu lts  
indicated  further oohfim atlon  of the Mohr-Ooulomb theory*
I t  was found that by adopting the cume procedure in  
placing the sand in  the samples o f each se r ie s , the porpsity  
within the ser ie s  could be kept approximately constant. Tills 
was desired to allow the resu lts  o f the individual ser ie s  to  
be compared and the Mohr envelopes for  the tr ia x ia l  t e s t s  to 
be drawn. The porosity reported in  Table II  i s  the average 
i n i t i a l  porosity for the se r ie s , the i n i t i a l  porosity being
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•the porqeTliy ^ t e r  ooïXBoliâa-tion la id er th e  c o n fin in g  p re s s u re . 
The i n i t i a l  p o r o s i ty  o f  "the th lo k  c y lin d e r  t e s t s  i s  c lo se  to  
•that f o r  th e  t r i a x i a l  t e s t s  o f  s e r ie s  o f % and th e  r e s u l t s  o f 
th e s e  t e s t s  a re  compared l a t e r .
The methods u sed  in  p la c in g  th e  sam ples were a s  fo llo w s :- '
T r ia x ia l  Samples
S e r ie s  1i
Series 2:
S e r ie s  3;
iMWlP llin J  i n  II
S e rie o  A t
Samples were formed by a llo w in g  th e  sand to  s e t t l e  
ta id e r a  s t a t i c  head o f  w ater*
Samples were foimed by p la c in g  th e  sand In  th r e e  
l a y e r s ,  eaoh la y e r  b e in g  tamped 25 tim es w ith  
d iam e te r wooden rod*
Samples were formed by p la c in g  th e  sand in  th re e  
la y e rs#  each  la y e r  b e in g  v ib r a te d  i n t e r n a l l y  by a  
hand v ib ra to r*
Samples were formed by placing the sand in  f if te e n  
layers, each layer being tamped l ig h t ly  100 times 
with a diameter wooden rod*
ÆMok C y lin d e r Sam ples*
Thick c y l in d e r  sam ples were formed by p la c in g  th e  sand in  
t h r e e  l a y e r s ,  each la y e r  b e in g  v ib r a te d  by th e  a p p l ic a t io n  o f  a  
hand v ib r a t o r  to  th e  in s id e  and o u ts id e  fo rm ers .
LOAD
G A U G E
P i s t o n
S T O P
COCK
DQAIN
S A M P L E
E N D P l E C E
POQOUS
P L A T E S P R E S S U Q E
CELL
S a m p l eB a s e
P e d e s t a l t a
TO WA T E R  S u p p l y  
AND P R E S S U R E  
SOURCE A
T R I A X I A L  A P P A R A T U S
LAYOUT FOR COMPRESSION T E S T S
P i G . IS
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3 e) ï r l a s l a l  gom pression g e s t s .
$he apparatus emû eet ng  la  8hpmi diagX'àmatically
in  fig#  19  ^ i t  i s  a standard machine of the strain  control 
type # A constant head mercury tank i s  used for the application  
of the confining pressures (Pressure Source A in  fig* 18) and 
loads are applied hy a p iston throu#i a proving ring* Samples 
tested  on th is  machine ar^ 1^ *” iu  diameter and 3*^  long.
^he tr ia x ia l  t e s t  i s  standard and no deta iled  description  
of the experimental procedure i s  given* la te r a l pressures 
were kept constant during the t e s t s  and fa ilu r e  was induced hy 
an increasing a x ia l load# f ir in g  the t e s t  yo lm e changes were 
observed in  the hurette and axia l d eflectio n s were noted from 
stra in  gauge readings taken at the top o f the piston.
Oorreotiona *
A study o f p iston fr ic t io n  at various c e l l  pressures was 
made# I t  was found that the variation  in  the fr ic t io n  hetween 
the p iston  ahd the sea lin g  ehamher at differehih extents o f  
travel was only s lig h t  ahd could he ignored# îh# to ta l error 
as a re su lt  of the fr ic t io n  could he elim inated hy careful 
zeroing o f  the proving ring extehsometer*
Allowance was made for the change of cross^sectipnal area 
of th e  sample* I t  was noticed during the early t e s t s  that 
appreoiahle bulging had taken place at the centre pf the sample 
before the peak s tre sse s  were reached* $he central cross­
4B
section a l area of the sample was calculated using Simpspnis 
ïîule assuming that the area of the sample increased paraboli- 
ca lly  from the ends to the centre* tphe end areas were assumed
to remain constant throughout the t e s t  and the central area
%
was obtained from
+ dv
X « ■ ' 4 # , (Ai 4 Atj)
* ‘
^  . . .
^0 denotes the central area of the sample
M If area at the top o f the sample
II If n  ft If bottom of the sample
ft It orig in al volume « n tt
If w « length M «
dv ft If measured volume change of the sample
dl ft ft « change in  length
dT and dl were obtained from the t e s t  data*
i. : ■ '
\
She correction was only applied a fter  bulging of the . 
sample was noted; previous to th is  the area used in  s tress  
ca lcu lation s was obtained from
A .
1 dl o
(with the above notation ).
P P O V I N G
Q i n g
P i s t o n
!
P R O J E C T I N G  
 SCREW
b a l l
S A M P L E
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CONT ACT
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ï n  s a a p ie s  tp a te d  a t ,  low ppÿOaitjr ( s e r i e s  ,4'); o n ly  th é  
s t r e s s e s ' a f t e r  th e  peak ';pplnti;\'.#ere' affeete& ..'hy /'the "bulging: 
e o r re o t lo h . .M.}'.
5 a jy ^ r l g g i a i  E x ten sio n  g e s te .
In  th e ee  te s t s , ,  a ls o  perfon iieâ  on th e  t r l e a c is l  a p p a ra tu s  
th e  s t r e s s  System Ojj =, 0g > was o h t^ n e d  T)y reS u o lag  
th e  a x i a l  lo a d  u n t i l  y ie ld  was reach e d . She l a t e r a l  c o n fin in g  
p re s s u re s  c o n s t i tu te d  th e  two m ajor eg u a l p r in c ip a l  S tr e s s e s ,  
th e  m inor p id n c ip a l  s t r e s s  h e ln g  made up o f  th e  d if fe re n c e  o f 
t h l s  G onfiniiig p re s s u re  and th e  r e l i e f  o f  s t r e s s  tr a n s m itte d  
to  tM  end o f  th e  sample hy means .of- th e  p is to n ,  .
The a d a p tio n  made to  th e  t r i a x i a l  a p p a ra tu s  to  produce 
th e  a x ia l  r e l i e f  o f  s t r e s s  i s  shown i n  5 ig ,  20 » The r e l i e f  
o f  s t r e s s  w a s ;tra n s m itte d  to  th e  sample th ro u g h  a  cap which 
f i t t e d  o y er th e  h a l l  on th e  sample end p ie c e .  Three c o n ta c t
screw s made co n n ec tio n  w ith  th e  hh ll*  A p r o je c t in g  screw  on 
th e  cap was P icked  up hy a  m ating  th re a d  i n  th e  p is to n  and th e  
o th e r  end o f  th e  p is to n  was: clamped r i g i d l y  i^ o th e  p ro y in g  
r in g y  The a x ia l  s t r e s s  was reduced hy w ithdraw ing  th e  p is to n  
from  th e  p re s s u re  ehamher* The te n s io n  i n  th e  p is to n  was 
m easured hy th e  p ro y in g  r in g ,
A moyement o f  iahout:;,;|;;smi.;::^^ $he c o n ta c t
screw s on th e  cap made coh h ectip h  w ith  th e  h a i l  on th e  sample 
end p ie c e . T h is moyement was n e c e ssa ry  to  make th e  allow ance
for  friotiom  anà for the zeroing of the proyfhg ring  
ei2ctenoometer« ,
in  the extension te s t s  the range o f major principal stress  
i s  limited, by the capacity o f the constant head pressurising  
system, The maximum pressure obtainable from the system as 
described in  Section 4 b) 2) i s  70 Ib./in^#, In the te s t s  of
se r ie s  4? where the A values were low i t  was necessary to 
increase the capacity o f the system to reduce the e f fe c t  of 
errors in  the estim ation o f the minor principal stress* A 
Closed c ircu it  pressurising system was temporarily used where 
the pressures were produced and controlled by a foot pump* 
pressures up to 150 lb*/ln^ were obtained by th is  system*
Oorreé tio n s .
Extension t e s t  sapplea retained th e ir  cy lin d rica l shape 
t i l l  a fter  the peak stresses  were reached. The cross^sectlonal 
area, used in  s tress  computations, was calculated on the 
assumption that the sample deformed as a right cylinder having a 
volume and height as those indicated by the t e s t  data*
An allowance was made for  the tension  in  the rubber membrane 
caused by the extension of the--sample. This correction was 
measured a fter  the completion of each te s t;  the confining  
pressure was taken o ff; the piston was lov/ered u n til  sero 
deflebtion  was registered  on the stra in  measuring extensometer; 
the p iston  was then raised and the loads were measured at stra in s
xn
IIse
a
I
I I
8%
#
A ri
5U
corresponding, to those o f  the test* The assumption was made 
that the membrâne tension was independent o f the c e l l  pressure 
and these p iston  loads -Were subtracted-from those measured in  
the t e s t .  . ,
5 e) Thick g y lin d e r  Teste*
The th ick  cylinder apparatus arid pressurising system i s  
described in  Section 4 b.
1) Preparation o f the Samp le ,
The method adopted in  preparing th ick  cylinder samples i s  
deacribed with reference to f ig s * 13 to 16. The base adaptor 
was removed from the base and the inner rubber membrane was 
f i t t e d  and sealed . The membrane was turned in sid e the co llar  
of the adaptor and the whole screwed in to  the base, making a 
sea l on the gasket. The in sid e  former whs then f it t e d  in sid e  
the membrane and adaptor, and a fter  the , outer membrane was 
f i t t e d  to the base the outside former was placed in  the locatiiig  
groove, The outer membrane was stretched and foldc^ over the 
top of the outside former. The sand was f i l l e d  between the 
outside and bore formers in  the manner described preyiously in  
Section 5 b. Care was taken during f i l l i n g  to keep the inside 
former centred, tjhen the sand was le v e l ivith the top of the 
outside former the sample end piece was placed and the bore 
and outside membranes sealed. The sample was then saturated
5 2
by allowing water to flow Into the base from the burette and 
when saturation. W.M, oomplçte, . the drain on the sample end 
piece was closed* . ,A \sligh t y%cuim -%#8 applied to the. cample 
through the burette and the formers were removed arid the sample 
was measured* The sea lin g  cap was then Carefully placed on 
the end p iece-using a holding to o l which f i t t e d  into the 
reoeaeas on the sample end piece to prevent any torque being 
applied to the sample while the cap was being screwed dom*
The bore o f the sample was f i l l e d  by allowing W»atef to flow  
from the reservoir through valves 4, 5 and 2 (Fig* 18). #ien  
the bore was f u l l  valve 5 was closed and the f in a l sea l, 
iso la t in g  the bore from the outside, was made by the screw and 
gasket on the top o f the ce.p * The transparent pressure 
cylinder was then f i t t e d  and the space between the outside of 
the sample end the cylinder was f i l l e d  with water by opening 
valve 1* When the pressure cylinder was f u l l  valve 1 and the 
stop cook on the pressure cylinder were closed . Photographs 
of a sample under preparation and ready for  t e s t  are shorn in  
Figa * 21 and 22*
2) Test Procedure*
The header tank of Pressure Source A in  fig* 13 was set to 
the r<^ %uired le v e l using the pressure gauge as a guide* The 
bore and the outside of the sample/were then pressurised  
simultaneously by opening valves 1, 2 and 5 and then valve 3«
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Tills pressure at. which the outside of the aamp3*e remains 
throughout the t e s t  .was meaèitreâ .accurately from the reading 
on the mc3?m^ ry manometerr a fter  valve 7 had been opened * The
t e s t  .was ready to sta rt when valve 5 was closed iso la t in g  the
bore from the outside of the sample.
The bore pressure was increased l i j  pumping mercury up the
lîianometer using the foot pwïip (pressure Source B) * increments 
of approximately 1 lh*/in^  were applied I n i t ia l ly .  After 
each pressure increment su ff ic ie n t  time was allowed for the 
sample to drain and to allow the volume oh$mges to he read on 
the burette#
As the y ie ld  Joint was approached the pressure increments
pwere reduced to approximately 0*2 lb#/in%  As y ie ld  took 
place the volume o f the bore of the sample increased and the 
Inside pressure f e l l  u n t il  i t  came in to  equilibrium v/ith the 
reduced strength of the sample. Farther pumping resulted in  a 
further increase in  the bore volume and the resu ltin g  equill-, 
brium was reached at a lower inside pressure. The reeerve o f 
mercury in  the small bore tube of the mercury manometer was 
s u ff ic ie n t ly  small to prevent m iaway fa ilu r e s  from t # in g  
place. ■ The peak s tresses  were ea s ily  picked out sinop they 
were followed by a marked reduction o f the in side pressure*
Several t e s t s  were conducted beyond the y ie ld  point to 
study the fa ilu r e  o f the sample* Most t e s t s  however were 
Stopped as soon as y ie ld  was noticed*
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After completion of the t e s t  the inside and outside pressures 
were equalised by opening valve 5 (Hg#18)* After a s lig h t  
vacuum had been applied to the sample the pressure was released  
and the water from the c e l l  drained to waste through valve 6#
The pressure cylinder was then removed and the bore and 
outside dimensions measured*
5)  ^ F a c to rs  A ffe c tin g  th e  D eterm ination  o f  th e  Y ie ld
S tr e s s e s  i n  Thick Q ylindcr T e s t#
a ) Sample D im ensions*
The ca lcu la tion  o f the stresses  in  the th ick  cylinder te s t  
requires the knowledge o f the bore and outside pressures and 
diameters o f the sample #
Yield in  the th ick  cylinder was manifested by a crack in  
the centre o f the sample a fter  a s lig h t  uniform bulging had 
occurred (Section 9 n Fart II)* The t e s t  in  the majority o f  
oases was stopped immediately the y ie ld  s tre sse s  had been 
recorded and the sample was measured up. These dimension# were 
used in  the ca lcu lation  of the y ie ld  s tr e sse s . In a few of the 
samples tested  beyond y ie ld , observations showed that strajlns 
a fte r  the y ie ld  point were caused by the outward rotation  of  
part of the w all on one side of the crack while the remainder of  
the sample did not a lte r . I t  was thus possib le  to obtain the 
sample dimensions at y ie ld , in  these t e s t s ,  from measurements
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taken on the fa ile d  sample,
b) Bibber Membranes^
The e f fé é t  o f the bulging of the th ick  cylinder sample 
induces s tressés  in  the rubber membranes confining the sample* 
The stre sse s  in  the outside membrane would cause a radial 
s tre ss  which increases the outside radial s tre ss  while the 
s tresses  in  the bore membrane w ill  reduce the in side radial 
stress* The outside radial stress  w ill  thus be s lig h t ly  
greater and the bore radial stress  s lig h t ly  le s s  than those 
measured.
An estim ation o f the error induced by the influence of the 
rubber membrane can be obtained knowing the sample dimensions 
and the extension properties of the membranes. A hoop tension  
i s  induced in to  the membrane by the bulging. The tension t  
per u n it length  o f membrane can be calculated from
t  =» H Cg
The change in  radial s tre ss  caused by th is  tension
dOL ** y r  i#e .  àOL ^  — S
where in d en o tes  th e  e x te n s io n  modwlus o f  th e  memh:^ane,
(= 1 .5  I h . / l n  f o r  th e  0*008" th io h  membranes used. (Henlcel 
and G ilb e r t^  ^  « .
e_ d en o tes  th e  o lro u m fe re n tia l s t r a i n  0
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jr d en o tes  th e  sample ra d iu s  c o n s id e re d .,
fo  o b ta in  th e  t r u e  r a d ia l  s t r e s s  d ^ ^ ^  m ust he added to  
th e  m easured o u ts id e  p re s s u re  and d01__ m ust he s u b tra c te d  
from  th e  m easured b o re  p re s s u re . Shese c o r re c t io n s  a re  sm all
a t  th e  y ie ld  p o in t  ( in  th e  o rd e r  o f  0 ,025  I h . / i n ^  a t  th e  
o u ts id e )  and have a  s l i g h t  e f f e c t  on ly  a t  low p re s s u re s .  A f te r  
tb e  y ie ld  p o in t  th e  membrane ex tends l o c a l ly  i n  th e  re g io n  o f  
th e  oraok and th e  ahove c o r re c t io n  cannot be a p p lie d .
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6 , V  -
E x p erim en ta l B e è u l ts .
6 a )  Method o f  P re s e n ta t io n  o f  R e a n lta .
D i f f i c u l ty  a r i s e s  i n  r e p re s e n tin g  th e  ex p erim en ta l r e s u l t s  
to  I l l u s t r a t e  th e  shape o f  th e  r ig h t  s e c t io n  o f  th e  su rfa c e  o f  
y i e ld ,  She r i g h t  s e c t io n s  v a ry  i n  dim ension a lo n g  th e  space 
d ia g o n a l and d i f f e r e n t  r e s u l t s  d e f in e  p o in ts  on d i f f e r e n t  
r i g h t  s e c t io n s .  ( f h i s  i s  d isc u sse d  i n  Appendix 1X1}. Ih e  
ex p e rim en ta l s u r fa c e  i n  space however p roves to  he hounded hy 
s tm ^ g h t  l i n e s  which p a ss  th rough  th e  o r ig in  o f  th e  system  o f  
c o o rd in a te s  (e.g*  PO i n  fig .A j? .1 1 1 .2 j Appendix 111) and th e  
d i f f i c u l t y  i n  i l l u s t r a t i n g  th e  shape o f  th e  r i g h t  s e c t io n  was 
overcome hy p l o t t i n g  th e  ta n g e n t o f  th e  an g le  made hy th e  l i n e  
jo in in g  th e  ex p erim en ta l p o in t  on th e  s u r fa c e  to  th e  o r ig in  and 
th e  space d ia g o n a l. In  t h i s  w;ay th e  ex p e rim en ta l r e s u l t s  can 
he reduced  sç  th a t  th ey  can he co n sid ered  to  r e p re s e n t  p o in ts  
on ah e q u iv a le n t  r i g h t  s e c t io n .  f h i s  e q u iv a le n t, r i g h t  s e c t io n  
i s  r e f e r r e d  to  as  th e  reduced  r ig h t  s e c t io n .  ihe^ c o o rd in a te s  
o f  th e  p o in ts  r e p re s e n t in g  th e  ex p erim en ta l r e s u l t s  on, th e  
reduced  r i g h t  s e c t io n  a re  d e riv e d  in  Appendix I I I .
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6 b) The f té e u lts  o f  th e  I r l a x i a l  T e s ts .
She m ajor s t r e s s  c i r c l e s  f o r  a l l  th e  t r i a x i a l  t e s t s  a re  
shovm Ih  th e  Mohr diagram s o f  P ig s . 25 to  26. fh e  in c l in a t io n  
o f  th e  Mohr envelopes oo rrespond ing  to  th e  an g le  o f  i n t e r n a l  
f r i c t i o n  /  I h  e g n s . (1?) hh® shown i n  la b le  I I I .  The p o s i t io n s  
o f  th e  p o in ts  on th e  reduced  r i g h t  s e c t io n  o f  th e  su rfa c e  o f  
y ie ld  d e f in e d  hy th e  r e s u l t s  o f  th e  t r i a x i a l  com pression and 
e x te n s io n  t e s t s  o f  s e r i e s  4 a re  shown hy p o in ts  1 and 2 
r e s p e c t iv e ly  i n  P ig . 27 « The th e o r e t i c a l  Mohr-Goulomh and 
ex tended  T resca  and Von M ises s u r fa c e s  (s|ee S e c t .3 0 ) ,  hased  
on th e  r e s u l t s  o f  th e  com pression t e s t s ,  a re  a ls o  shown.
Tahle I I I
Summary 6 f  T f ia x ia l  R e s u lts .
Average
I n i t i a l
P o ro s i ty
Type o f T est
S t r e s s
P i s t r i h u t io n
4
45-0?S
3 8 .5#
36ë6#
T r ia x ia l  Compression 
T r ia x ia l  S x te n s i on
T r ia x ia l  Compression 
T r ia x ia l  E x ten sio n
T r ia x ia l  Compression 
T r ia x ia l  E x tension
T r ia x ia l  Compression 
T r ia x ia l  E x ten sio n
01 0 '2 >
O', > rg  ^
4  = °2  >
0-, > o-g =
O', = O-g > s
29 56 '
29° 50*
52° go'
32°  4 7 '
34** 14' 
35® 15 '
is® 58' 
38° 45 '
E X T E N D E D  VO N  M I S E S  S u Q F A C E  
E X T E N D E D  T P E S C A  S u Q
m o h q  c o u l o m b  S U R F A C
B ASED ON TRIAX.  
COMP. R ES UL T S
PERI MENTAL
S u r f a c e
@
RANGE OF RESULTS  
(TRIAX.  EXT. t e s t )
I \
I \
t h . c y l . r e s u l t s
R A N G E S  OF R E S U L T S  
(  T R I A X .  COM P, t e s t s )
R E O U C E O  R IG H T  S E C T I O N  OF E X P E R I M E N T A L  YIELD SURFACE 
('a v e r a g e  s t r e s s e s  i n  t h i c k  c y l i n d e r  t e s t )
WITH RIGHT SECTIONS OF T H E O R E T IC A L  S U R F A C E S
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frora a ôorisid eration  o f ï ig sv ,23 to  26 and Table I I I  i t  can be 
sa id  th a t , w ith in  the range o f streB ses need , fo r  Iiooh A line
S a n d s
1 ) fh e  Mohai? fo r  a l l  te a ta  are $ t r a i# i t  and pass
through thé o r ig in  of the  Mohr diagram-
2) ïüé angles found in  the  compression t e s t  a re  in  close
agreement 'with those of the  ex tension  t e s t  a t  a l l  
p o ro sitie s*
3rdm a co n sid e ra tio n  of S'ig.a? and 2) above» i t  can be sa id  
that*
5 ) fhe Mohr-doulomb theory  p re d ic ts  aco a ra te ly  the y ie ld
' cond ition  fOr s tr e s s  systems where (€Tj > 0^ 0^) and
(CT-j à p^:> 0^) and th a t  the extended Ton Mises and f re sc a  
th e o r ie s  do no t f i t  the  r e s u l ts  fo r  th ese  s t r e s s  systems*
6 o) fhe R esu lts  o f  the fh ick  (hrlinder festia*
In the fh ick  %rlinder l e s t  the r a d ia l s t r e s s e s  a t the 
ou tsid e  and the bore o f  th e sample are known. fhe a x ia l s t r e s s  
which i s  constant over th e se c tio n  o f  the w a ll can be computed 
from the p ressu res a c tin g  on the c losed  end o f  the sample* 
fhe average ta n g e n tia l s tr e s s  can be ca lcu la ted  from the  
egu ilib riu m  o f  the sample under the bore and ou tsid e  pressures*  
%  assuming a d is tr ib u t io n  o f r a d ia l s tr e s s  across the
w a ll o f  th e  sample th e  average  r a d ia l  s tre sw  can be c a lc u la te d #  
IIs in g  th e  average  r a d ia l  and ta n g e n t ia l  s t r e s s e s  and th e  a x ia l  
s tr e s s »  p o in ts  on th e  su rfa c e  o f y ie ld  can be o b ta in ed  to  
g ive  an app rox im ation  to  th e  t r u e  s u r fa c e . I t  has a lre a d y  
been shown t h a t  th e  Mohr-Ooulomb th e o ry  p r e d ic t s  th e  y ie ld  
c o n d itio n  f o r  th e  sand where th e  s t r e s s  system s a re  
{(Z^  > CTg GT^ ) and (CT^ 0^ > CT^ ) and th e  suggested  
extended  Ton M ises and f r e s c a  th e o r ie s  do n o t f i t  th e  e x p e r i­
m en ta l r e s u l t s  (see  P ig ,2 7 ). I t  i s  l i k e l y  th e re fo r e  t h a t  th e  
Mohr-Ooulomb th e o ry  m i l  p r e d ic t  th e  c o n d itio n s  o f  y ie ld  i n  th e  
th id k  c y l in d e r  t e s t s  and t h a t  th e  d i s t r i b u t i o n  o f  r a d ia l  s t r e s s  
a c ro s s  th e  w a ll o f  th e  sample w i l l  be p r a c t i c a l l y  l i n e a r  
( s e c t io n  4 a ) .
By assum ing a  l i n e a r  d i s t r i b u t io n  th e  average r a d ia l  
s t r e s s  i s  c a lc u la te d  from
She av erag e  ta n g e n t ia l  s t r e s s  from  th e  eqnilihÿLnm  o f  th e  
sample i s  o b ta in e d  from
I -  h -  P. a01 = Gl « -2......    6"
■av. ^ h -  a
( e q n .#  S e c tio n  4 a)
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The ax ia l s tr e s s  i s
.2
(e<p.. 2 7  Section 4 a)
-  a '
SChe stre sse s  at y ie ld  in  the thick cylinder t e s t s  calculated  
in  the above manner are shown in  lab le  IT.
iab le  IV*
Average H e ld  S tresses in  Thick Qylinder le s t s
T e s t '
I b . / i n ^
;■ %  
I b . / i n ^
% » . ,
'■Ib.yitt^'-;'
01 .
av
l b * / i r ^
' " ,
i b . / i n ^
1 14.40 21.21 17.81 3 ,36 10.50
2 18,70 27.18 22.94 4 .84 1 3 .3 0
3. 3 0 .6 0 44.08 3 7 .54 8 .0 8 2 2 .3 0
4‘ 38*50 5 5 .68 47.09: 9 .7 5 2 7 .9 5
5 45.80 65.75 55,78 1 0 .5 5 3 2 .3 0
6 4 7 .9 2 68 .63 58.28 10.95 3 4 .0 5
7 5 0 .3 0 7 2 .8 8 61.59 1 3 .3 2 3 5 .9 0
8 54*02 77.16 65.59 1 3 .6 7 38.90
9 54.80 78.43 66.62 1 2 .9 5 38.20
62
6 a )  The Ixperlineh iià l S u rface  o f  Y ie ld .
• ■" '■ -  ■ .
To in v e s t ig a te  th e  su rfa c e  o f y ie ld  f o r  a  m a te r ia l  i t  i s
n e c e s sa ry  to  en q u ire  in to  t h e ,shape o f  th e  su rfa c e  l a  space ;
and to  in v e s t ig a te  th e  shape o f  r i g h t  s e c t io n s  o f  th e  s u r fa c e .
' The ex p e rim en ta l r e s u l t s  used in  th e  in v e s t ig a t io n  o f
th e  s u r fa c e  a re  o b ta in ed  from th e  t r i a x i a l  t e s t s  o f  s e r i e s  4
and th e  th ic k  c y l in d e r  t e s t s .
The reduced  r i g h t  s e c t io n  o f  th e  s u r fa c e  o f  y ie ld  u s in g
th e  t r i a x i a l  r e s u l t s  and th e  average y ie ld  s t r e s s e s  i n  th e
th ic k  c y l in d e r  t e s t s  i s  ehotim i n  F ig .27 . The p o s i t io n  o f
th e  p e in ts  r e p re s e n t in g  th e  th ic k  c y lin d e r  r e s u l t s  i s  a t  3
(F ig . 2 7 ). The th e o r e t i c a l  Mohr-rOculomb and th e  ex tended  Von
M eeo  and T resca  r i g h t  s e c t io n s  a re  a ls o  shown. As was
s ta te d  p re v io u s ly  th e  ex p erim en ta l r e s u l t s  f o r  th e  t r i a x i a l
com pression and e x te n s io n  t e s t s  C pinoide w ith  th e  Mohr-Qoulomb
th e o ry . Thé ex p e rim en ta l r e s u l t s  o f  th e  th ic k  c y lin d e r  t e s t s
in d ic a te  à  s l i g h t  in c re a s e  i n  s tr e n g th  o ver t h a t  p re d ic te d  by
thOw Mdhr-Ooulomb th e o ry . The ex p erim en ta l r e s u l t s  a re  s u f f i -( ' . . t - > ■ . . . . .  : - ' '
o ie n tly , remoyed from  th e  extended Von m ises and Tresoaf; th e o r ie s  
to  show th a t  th e y  do n o t p r e d ic t  y ie ld  f o r  t h i s  m a te r ia l .
b se  o f  th e  av erag e  s t r e s s e s ;  i n  th e  th ic k  c y lin d e r  t e s t s  
g iv e s  an approxim ation , o f  th e  su rfa c e  a t  p o in ts  in te rm e d ia te
betw een tb p ee  d e fin e d  by tb e  t i" ia x ia l  e x te n s io n  and oompreesion 
te e ts é  I b i s  app rox im ation  i s  s u f f i  o ie n t  to  show th a t  th e  Mohr- 
Ooulomb th e o ry  # v e s  a  c lo se  in d ic a t io n  o f  th e  y ie ld  c o n d itio n s
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Assuming th a t  th e  ,Mohr-GoupLoab th e o ry  h o ld s , th e  d i s t r i ­
b u tio n  o f  th e  ta n g e n t ia l  s t r e s s  can be found , and th e  shape o f 
th e  y ie ld  su rfa c e  can be checked from  th e  m easured r a d i a l  and 
a x ia l  s t r e s s e s  a t  th e  bore  and o u ts id e  o f  th e  sam ple. The 
ta n g e n t ia l  s t r e s s  01 = A 0^ a t  any p o in t  i n  th e  w a ll o f  th e  
sam ple. A i s  c a lc u la te d  from: eqn. (25) .S e c tio n  4 a)
%  *
The s t a t e s  o f  s t r e s s  s u f f i c i e n t  to  cause y ie ld  a re  th e n  d e fin ed  
by (O"^  = O'g = 0^, 01 = A Fj^) a t  th e  b o re  and by
(Cr^  == 1q , Og » C^, 01 = A Fg) a t  th e  o u ts id e .
The s t r e s s e s  c a lc u la te d  i n  th e  above manner a re  shown i n  Table V.
T able V. '
f i e l d  S t r e s s e s  I n  Thick Q ylinder T e s ts  A ccording to  th e  Mohr-
, Ooulomb Theory.
T est A
At O utside At Bore
^ 0 - 4
; i b , / i n f I b . / i n ^
: i  “  ®-i
I b . / l n ^
%  “ ^3
1 0 .1 9 6 14.40 _  2,82,:; ; 21.21 4*16 10.50
2 0 .208 18*70 ... 3*89 27*18 5*65. 1 3 .3 0
3 0 .2 1 6 30.60 6*61 : 44 .08 9 ,52 2 2 .3 0
4 0 ,215 38*50 8 .28 55*68 11* 95 2 7 .9 5
5 0 .192 45.80 8 .8 0 65*75 12.61 5 2 .3 0
6 0 .198 47.92 ,9 .4 8 68 .63 1 3 .6 0 3 4 .0 5
? 0 .215 50* 30 10.81 72.88 15.63 , 3 5 .9 0
8 0*219 54.02 11.83 77.16 16.90 , 38 .90
9 0 .197 54,80 10.80 78.45 15.40 38.20
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Sîli0  ' rarteoet seiglat s so t io n  o f  iî&s f f o ld  eurfaeo ®Ma3.uea from 
th esa  e tm e a e e  l é  ehom  iïi f ig » 2 S  , i'îio p o e lt io a  o f  th e  
p o in t»  its a t  4 fo r  th e  W ro e treo eee  b&û a t  5 fo r  th e s tr a so  
a t  the oiâtaiâe (S‘ig»SS)« fh e  ressa’l t s  o f  th e  tM ek  ej/iiad or  
t o s t  îsâ io a t©  a  a l ig h t  la c r e a se  i a  stren gth  over tim t pred 
h f th e SoI»*Coulomh th eory . t h is  im oreaee rep resoats  
œ t e l y  i s  th e eihgle o f  im tem m l f r i e t i o a .  fh e  
r ig h t  a e e t lo a  o f  th e  emperimehtal oarfaoe however apgroximàto: 
o lo s e l f  to  the th e o r e t ic a l  Molir^soaloah w r f a e e ,
fh o  Mohr m v a lo p a e  f o r  th e  t r i a x i a l  ooiaproeeioa ami 
e x te n s io n  t e a t s  a r e  * t m i # t  l i s e s  p sso iï%  throagfe th e  o r ig in  
o f  th e  Sofer diagram  ( f l i t s .  2? to  26 ). f l î i»  i s  e a f f lo io h t  to  
©how t h a t  l o o i i  o f  th e  point®  oa th e  s u r fa c e  i n  ©gao© dofinod  
%  th e ©trees ©yotomo C?5^ > 0^ « % ) mû, »  0 ^ > 0 i)  ©r© 
lime© p a sa ia g  through, th e  o r ig in  o f  th e  eyotem o f  
d iœ e a s lo n a l o o o rd in a to o  (see  S eo tio n  3 h ) .
18 on th e  ©urfoes üoflnotî hy either'th&'#©t' 
otttsMo.. of- th e  th ick  oy lin d or s  
on th e name rââlu© (#*P in  l'ig«âl^»ïî’ï».'î.)- du©: to  #  
o f  th e  roottlt© (see  # w  point© are imn&xpf suffi'.»
sien tlv  ©loao to  ^ lo w  th e  ohopo o f  th e ©urfaoe i s  ©paoo to  he
isv o s t ig à te r i a3,o»g;-their â ir so t io n a , ïn  iig?-09 the ©agio© 
aade hy th© .llh e e  jo in in g  th e  g o ia ts  oa tlw  earfaoeu defined  ^ 
itresBOB a t  -the horo and the ou tsid e  o f  th e  aamgl»)* to  the  
a n  o f  th e »yat©ji). o f  coordinatoo ©M th e  sgaoe diagonal 
tgle too* in  P i g * # . I I I . 2 ,)  are p lo tted  a g a in st th e  d ietan oe
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65*
along thé apaoè diagonal* Ilî i e  seen from Fig*29 that there 
i s  no varia tion  o f the ahglee With the aistanoe along the space 
diagonal* fhe lo o i l  of the points defined hy stresses  in  the 
th ick  cylinder t e s t  can therefore he considered to he straight 
l in e s  which pass through the orig in  of the system of three 
dimensional coordinates*
From the ahore d iscussion i t  can he said that the surface 
in  space la  a pyramid with i t s  apex at the orig in  of a system 
of three dimensional coordinates , Og, 0^) and that 
section s of the surface are sim ilar in  shape hut increase with 
distahoe from the orig in  along the space diagonal.
6 6 *
gEOflOîf 7 *
B lso u sa io n  o f  E xperim ental R e m its  and O ther I n v e s t ig a t io n s *
I t  was n o ted  In  th e  Review (S e c tio n  l )  t h a t  a  c o n s id e ra b le  
d isc re p a n c y  e x i s t s  between th e  f in d in g s  o f  d i f f e r e n t  i n v e s t i ­
g a to r s  i n  d ra in e d  t r i a x i a l  oom pression and e x te n s io n  t e s t s ,  
fhe  au th o r* a  r e s u l t s  show c lo se  agreem ent a t  a l l  p o r o s i t i e s  i n  
th e  an g le  o f  i n t e r n a l  f r i c t i o n  found i n  th e  two t e s t s .  f h i s  
f in d in g  i s  i n  agreem ent w ith  331 shop and El d in  ) (E l d in  
f o r  t e s t s  perform ed th ro u g h o u t th e  l i m i t s  o f  p o ro s i ty  on a  
medium f in e  sand* ’ fh e  d if f e r e n c e s  e x i s t in g  between th e  
r e s u l t s  o f  th e  au thor»  B ishop and E ldin» and th o se  o f Babib^^^^^^ 
and fa y lo r^ ^ ^ )  a re  d i f f i c u l t  to  e x p la in  b u t th e  c lo se  ap p ro x i­
m atio n  o f  th e  r e s u l t s  o f  th e  th ic k  c y l in d e r  t e s t  w ith  th e  Mohr- 
Goulomb th e o ry  su g g e s ts  t h a t  th e  an g le  o f  i n t e r n a l  f r i c t i o n  
e x h ib ite d  i n  th e  t r i a x i a l  com pression and e x te n s io n  t e s t  should  
be th e  same*
fh e  r e s u l t s  o f  th e  to r s io n  te s t* p e rfo rm ed  by Habib show a 
wide v a r i a t io n  from  th e  Mohr-Goulomb theory* fh ese  t e s t s  were 
perform ed on c y l in d r ic a l  sam ples confined  i n  rubber^ membranes i n  
th e  norm al manner* F a i lu r e  was induced by a p p ly in g  a  to rq u e  
to  th e  end o f  th e  sample * Some doubt i s  o a s t  on th e  accu racy  
o f  th e  to r s io n  r e s u l t s  due to  th e  e f f e c t  o f  th e  ru b b er membrane 
on th e  to r s io n a l  r e s is ta n c e *  fhe  membrane i s  s i tu a te d  a t  th e  
maximum r a d iu s  o f  th e  sample where i t s  in f lu e n c e  on th e  m easured
E X P E R I M E N T A L
S u r f a c e
 ^ M o m q  c o u l o m b  
S URF AC E -  BASED  
i ON TQIAX. COM P.
k  \ results
DEDUCED R I GHT S E C T I O N  OF YIELD SURFACE 
FROM R E S U L T S  OF H A B i B
Fig . 50
67
t o r s io n a l  r e s i s ta n c e  i s  g r e a te s t .  Uo s a t i s f a c to r y  method o f 
e s t im a tin g  th e  e f f e c t  o f  th e  rubber membrane appeared to  have 
been found . ; . The assum ption  o f  a  im iform  d i s t r ^  o f  shear
s t r e s s  a c ro s s  th e  s e c t io n  o f , th e  sample may be a n o th e r  source 
o f  e r r o r  i n  th e  c a lc u la t io n  o f  th e  sh e a r in g  r e s is ta n c e  in
th e se  ..te s ts*  . .........
She r e s u l t s  o f  th e  %ablb*s t e s t s  have been transfo rm ed  by 
th e  method d e sc r ib e d  in  Appendix J I I  and th e  reduced r ig h t  
s e c t io n  o f  th e  s u rfa c e  o f y ie ld  th a t  th ey  d e f in e  i s  shorn  in  
Pigfe59* ÎDhe ex p e rim e n ta l r ig h t  s e c t io n  i s  seen  to  Vary 
w idely  abou t th e  th e o r e t i c a l  Mohr-Coulomb r i g h t  s e c t io n . Œhe 
d if f e re n c e  from th e  th e o r e t i c a l  r ig h t  s e c t io n  a lo n g  d ir e c t io n s  
CC| ♦ t 0 2^ % and 0 ^ ' r e p re s e n ts  an an g le  o f  i n t e r n a l  f r i c t i o n  
f o r  th e  e x te n s io n  t e s t s  7^ low ef th a n  f o r  th e  com pression 
t e s t s .  fh e  t o t a l  v a r ia t io n  re p re s e n ts  a  range o f 11? in  
th e ; measured an g le  o f  i n t e r n a l  f r i c t i o n .
6s*
SBCgïOH S . .
Buateary and GohdlusionS to  P a r t  I *
lUe th ic k  c y l in d e r  a p p a ra tu s  has proved s a t i s f a c to r y  i n  
i t s  fu n c tio n  and in  i t s  o p era tio n *  fh e  a p p a ra tu s  i s  s u i ta b le  
fo r^ ; in v e s t ig a t io n s  i n  o th e r  ty p e s  o f  s o i l s .  (Dhe new method 
o f  p re s e n tin g  th e  r e s u l t s  to  i l l u s t r a t e  th e  reduced  r i g h t  
s e c t io n  o f  th e  ex p erim en ta l su rfa c e  o f  y ie ld  can be adap ted  
fo r ; u se  i n  o th e r  s o i l s  o r  f o r  any i s o t r o p i c  m a te r ia l  whose
y ie ld  su rfa c e  i s  pyram idal o r  c o n ic a l i n  form .
The ex p e rim en ta l r e s u l t s  show th a t  th e  Mohr-Ooulomb th e o ry  
a c c u ra te ly  p r e d ic t s  y ie ld  f o r  th e  sand f o r  s t r e s s  system s i n  
w hich th e  in te rm e d ia te  p r in c ip a l  s t r e s s  h as  a  v a lu e  e i t h e r  
e^ u a l to  th e  m inor o r  th e  m ajor p r in c ip a l  s t r e s s e s ,  t h i s  Condi­
t i o n  b e in g  t r u e  a t  a l l  p o ro s i t ie s *  f o r  s t r e s s  system s where 
th e i ln te r m e d la te  p r in c ip a l  s t r e s s  h as a  v a lu e  Og # ^ . 2 . ,#,,,,.% 
th e  Mohr-Coulomb th e o ry  i s  found to  u n d e re s tim a te  th e  s tren g th *  
The amount o f  th e  u n d e re s tim a tio n  i s  s l i g h t  and I s  co n sid e red  
to  have no p r a c t i c a l  im p o rtan ce .
The c lo se  agreem ent between th e  ex p e rim en ta l r e s u l t s  and 
th e  th e o ry  i n  th e  t r i a x i a l  com pression and e x te n s io n  t e s t s  
would le a d  to  th e  cohO luèion t h a t  th e  assum ption  made i n  th e  
Mohr-Coulomb th e o ry , t h a t  th e  in te rm e d ia te  p r in c ip a l  s t r e s s  has
no e f f e c t  on th e  y ie ld  o f san d s , i s  c o r r e c t .  I t  i s  th o u g h t
69»
t W t  # #  cpnaii«ion o f  p lw e  s t ï ^ n , wHoh agpro% im ately o b ta in s  
i n  th e  tM o k  c y l in d e r  t e s t  i s ,  i n  home way re s g o n s ib le  f o r  th e  
in o fe a s e  i n  s t r e n g th  mensnred i n  t^ o s s  t s s t s  and t h a t  th e  
g e n e ra l o o n d itlo n  o f  y ie ld  i n  sands depends to  some e x te n t on
Sinoe th e  in c re a s e  i n  S t r e n g th , , o j e r  t h a t  p re d ic te d  by th e  
Mohr^Qonlomb th e o ry ,  produced i n  th e  t^ io k  c y l in d e r  t e s t s ,  i s  
on ly  B lig h t a f u r th e r  in v e s t ig a t io n  o f  th e  y i e ld  su rfa c e  i s  
c o n s id e re d  n n n e c e ssa ry . . ,,,
I I t  i s  th e r e fo r e  conolnded t h a t , th e  MohrrOoulomb th e o ry  
p ro v id e s  a  r e l i a b l e  means o f  e s t im a tin g  th e  s t r e n g th  o f  sands 
u n d e r c o n d itio n s  o f  f u l l  d ra in a g e .
PART I I
SdlBS ON IHB SiEENCKCH AND DSPOMIA'DION
m  SANDS
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m m  I  I  *
The d a ta  p re se n te d  mid dlecusBed i n  P a r t  I I  i s  t h a t  
o b ta in e d  f ro p  th e  t e s t s  p e rfp ip e d  f o r  th e  pu rposes o f  P a r t  I* 
The ex p erim en ta l work i s  d e sc rib ed  in  S e c tio n  5 P a r t  I  and 
d e t a i l s  o f  th e  sand used  in  th e  t e s t s  a re  g iven  i n  APpeMlx I .
SBOTIOm 9 *
P re s e n ta t io n  o f T est D ata.
   —       .
9 a) Thick Q y linder T e s ts *
1) Mode o f  F a i lu r e  o f Thick Q ylinder Sam ples.
f a i l u r e  i n  th e  th ic k  c y lin d e r  sam ples was due to  th e  
fo rm a tio n  o f  v e r t i c a l  c rack s  i n  th e  w a ll o f  th e  sample* In  
a l l  c a se s  b u t one a  s in g le  c rack  wa^ s produced such as  shown in  
f i g .  31 . A f r o n t  view  o f  th e  f a i l u r e  c rack  i s  shown in  f ig * 31 
f i g .  31b shows a  s id e  view  o f  th e  same sample lo o k in g  from th e  
r i g h t  i n  f i g .  31a. These photographs and measurem ents ta k en  
on f a i l e d  sam ples in d ic a te  t h a t  p a r t  o f  th e  w a ll on one s id e  o f 
th e  c rack  has r o ta te d  ou tw ards, about an a x is  rentpte from th e  
c rack , w h ile  th e  rem ainder o f  th e  sample has r e ta in e d  i t s  
c y l in d r ic a l  shape (see f ig * 33) \  The in c re a s e  in  bore volume 
a f t e r  th e  peak p re s s u re s  were reached  wa# due to  th e  outward
I
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rotation  o f th is  p$rt of the wail# ;pig#5 2 a azid 3 2 h show the 
front and side views o f the sample which fa ile d  as the resu lt  
of two craoks forming in  the wall# |n  th is  sample the portion 
of the w all between the oraehs, has heen forced outwards.
Ihe Loch Aline sand use^ in  the t e s t b showed a s lig h t  
ephesion when wet and i t  was possib le to s tr ip  the membranes 
from some o f the fa ile d  samples without the sample co llapsing.
A sca le  drawing of a section  cut through the centre of such a 
sample i s  shown in  K g .35 * A v isu a l inspection  o f the 
section  showed that only a small wedge of m aterial in  the 
v ic in ity  o f the crack had been deformed, Ho sign of a s in ^ e  
surface of rupture was noticed and s l ip  had evidently  occurred 
within the wedge of deformed material# fhe points where the 
boundaries o f the wedge struck the surface o f the wall were 
w ell defined (AA# and BB, in  K g# 3 3 ) but i t  was not possib le to 
trace th e ir  path through the wall#
I t  i s  thought that the l in e s  AA and BB (K g#33)? forming 
the boundaries of the wedge, represent shear tra jeo to r ies  as 
defined by the Mohr-Goulomb theory of strength. The equation 
of the tra jec to r ie s  i s  derived in  Appendix T (eqn#AB#T.4) # In 
Kg* 34 the th eoretica l tra jec to r ies  for  angles of ih tem a l  
fr ic t io n  == 40  ^ and X -  26  ^ are shown. The tra jec to r ies  for  
low values of /  are inclined  le s s  steep ly  to radial planes and 
sweép out longer paths through the wall than the tra jec to r ies  
fo r  larger values o f The trajectory BB in  K g#33 io  steeper
D e f o r m e d  w e d g e
C i r c u l a r
A p p r o x i m a t e  
P o s i t i o n  o f  
A x i s  OF Ro t a t i o n
S e c t i o n  t m p o u g m  f a i l e d  t h i c k
C Y L I N D E R  S A M P L E
F ig . 33.
T Q A J E C T O R Y  FOR (j) = 9 6
FOR (p = 4 0 °
W A L L  OF 
S A M P L E
S M EAR T R A J E C T O R I E S  IN 
TMICK C Y L I N D E R  S A M P L E
F ig . 34.
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them t r a j e c to r y  AA and would th e re fo re  re p re e e n t a  h l ^ e r  an g le  
o f  i n t e r n a l  f r i c t i o n .  A lthough m easurem ents cou ld  n o t be 
ta k e n  w ith  s u f f i c i e n t  accu racy  to  a llo w  th e  /  v a lu e s  to  be 
e s tim a te d  i t  i s  th o u g h t t h a t  th e  t r a j e c to r y  th ro u g h  BB re p re s ­
e n ts  th e  peak an g le  o f i n t e r n a l  f r i c t i o n  w h ile  t h a t  th ro u g h  
AA re p re s e n ts  th e  u l t im a te  an g le  o f  i n t e r n a l  f r i c t i o n .
2) Volume Changes i n  îDhiok OYlinder T e s ts ,
A ty p i c a l  curve showing th e  volume change p lo t te d  a g a in s t  
th e  r a t i o  o f  th e  bore  and o u ts id e  p re s s u re s  f o r  a  th ic k  c y l in d e r  
sample which f a i l e d  a s  th e  r e s u l t  o f  a  s in g le  f a i l u r e  c rack  i s  
i l l u s t r a t e d  i n  V ig.JSa# An i n i t i a l  volume d e c re a se  fo llow ed  
by a  volume in c re a s e  i s  n o te d . She p re s s u re  r a t i o s  a t  th e  
p o in t  o f volume in c re a s e  i s  i n  th e  range o f 1*32 to  1*38 f o r  
a l l  t e s t s .  The r a t e  o f  th e  volume in c re a s e  i s  g r e a te s t  a t  th e  
peak p re s s u re s  and red u ces  a f t e r  th e  pealc p re s s u re s  have 
o b ta in e d . In  t e s t s  co n tin u ed  beyond th e  peak p re s s u re s  i t  was 
found th a t  th e  volume n e v e r  became c o n s ta n t . T h is was p ro b ab ly  
due to  th e  e x te n s io n  o f  th e  c rack  i n  th e  o f  th e  sam ple.
The volume in c re a s e s  measured i n  th e  th iq ÿ  c y l in d e r  t e s t s  
a r e  v e ry  sm a ll. The average  u l t im a te  in c re a s e  r e p re s e n ts  
app rox im ate ly  0#45^ o f  th e  t o t a l  volume o f th e  ^^^p le  and i s  
c o n s id e ra b ly  low er th a n  th e  average o f 7*55  ^ o b ta in e d  i n  th e  
t r i v i a l  t e s t s  o f  s e r i e s  4 which were conducted n e a r  th e  same 
p o ro s i ty .  The volume o h an g e-p ressu re  r a t i o  curve f o r  th e
73.
sample whloh f a i l e d  "by, tvjo f a i l u r e  craefes i s  shown i n  M g .35b  
fh e  volume ih o re a se  producea in  t h i s  sample i s  seen  to  be 
c o n s id e ra b ly  g r e a te r  th a n  th a t  produced i n  th e  sample which 
f a i l e d  by a  s i n ^ e  c ra c k .
fh e  sm a lln ess  Of th e  volume in c re a s e s  m easured i n  th e  
th i c k  c y l in d e r  t e s t  le n d s  su p p o rt to  th e  o b se rv a tio n  made on 
f a i l e d  sam ples t h a t  o n ly  a  v e ry  sm all p a r t  o f  th e  sample h as  
deformed d u rin g  th e  t e s t .  fh e  Volume in c re a s e s  appear to  be 
dependent on th e  t o t a l  le n g th  o f  th e  c rack s  produced in  th e  
w a ll o f  th é  sample in d ic a t in g  t h a t  th e  deform ed p a r t  o f  th e  
sample l i e s  i n  th e  neighbourhood o f  th e  c rack  a s  i s  shown in
9. b) f r i a x i a l  f e s t s ,
1) G eneral Remarks.
fh e  t e s t  d a ta  review ed i s  t h a t  o b ta in e d  from  th e  t r i a x i a l  
t e s t s  d e sc r ib e d  i n  S ec tio n  5 P a r t  1. fh e  r e s u l t s 'o f  th r e e  
a d d i t io n a l  com pression t e s t s  a re  however in c lu d e d . fh e se  
t e s t s  were perform ed a t  h ig h  p o r o s i t i e s  and a re  in c lu d ed  in  
S e r ie s  i .  A summary o f  th e  t e s t s  i s  g iven  i n  f a b le  V I. fh e  
i n i t i a l  p o ro s i ty  i n  f a b le  YI i s  th e  p o ro s i ty  a f t e r  co n so lid a ­
t i o n  u n d er th e  c o n fin in g  p re s s u re .
p e r  th e  re a so n s  d e sc rib e d  in  S e c tio n  10 a )  i t  was d e s ire d  
to  compare th e  volume changes produced i n  com pression sam ples 
w hich f a i l e d  by b u lg in g  w ith  th o se  o f  com pression sam ples which
7 4 ;
f a i l e d  by a  p la n e  o f  r a p tu r e ,  fh ese  two f a i l u r e  ty p e s  were 
proauced in t e n t i o n a l ly  in  the, eom pression t e s t s  o f  s e r i e s  4*
fa b le  V I. ■ 
summary o f f r la X la l  f e s t s .
S e r ie s îlype o f f a s t Range o f  I n i t i a l  P o ro s i ty
f r i a x i a l Compression 41 .2  -  43.7
1 f r i a x i a l E x ten sio n 42 ,8  -  43 .2
f r i a x i a l Compression 38.1 -  38 .9
2 f r i a x i a l E x ten sio n
3 "
f r i a x i a l
f r i a x i a l
Compression
E x ten sio n
36 .5  36 .9
4
f r i a x i a l
f r i a x i a l
Compression
E x tension 3 4 .7  -  35 .5
I t  was n o te d  e a r ly  i n  th e  perform ahoe Of th e  t e s t s  on th e  dense 
sam ples o f  s e r i e s  4 t h a t  b u lg in g  f a i l u r e s  were alw ays o b ta in e d , 
f 0 o b ta in  th e  re ip iire d  ru p tu re  p lan e  f a i l u r e s  i t  was n e c e ssa ry
S   ^ ' ' '
to  induce  a  s l i g h t  e c c e n t r i c i ty  o f  lo a d in g  to  th e  sam ple, th i s  
was a o tie y e d  by p la c in g  th e  sample s l i g h t l y  o f f  c e n tre  on th e  
b ase  p e d e s ta l  o f  th e  a p p a ra tu s .
fo  i l l u s t r a t e  th e  typeS o f  f a i l u r e s  produced some o f  th e  
sam ples o f  s e r i e s  4 were p laced  I n n à l t e in a te  la y e r s  o f  djrftd and 
n a tu r a l  san d . fh e  dyeing  o f  th e  sand d id  n o t  a f f e c t  th e  
sh e a r in g  p r o p e r t ie s  i n  any way.
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2) fh e  Mode o f  E a l lu re  o f f r i a x i a l  Sam ples.
a )  , O o m p r e a B io n  Sam ples.
fh e  r e s u l t s  o f  th e  oom pression  t e s t s  in d id a te  t h a t  a l l  
t r i a x i a l  oom preeslon sam ples independen t o f  t h e i r  p o ro s i ty  
shou ld  f a i l  by :sy m m etrica l b u lg in g  r a th e r  th a n  by a  p la n e  o f 
r u p tu r e . I n  th e  com pression t e s t s  perform ed on th e  sam ples 
a t  th e  lo w e s t p o rO sity  ( s e r i e s  4 ) ru p tu re  p la n e  f a i l u r e s  could 
o n ly  be o b ta in e d  by s u b je c t in g  th e  sample to  a  s l i g h t  e o c e n tr i -  
fliity o f  a x ia l  lo a d . I f  th e  sample was c a r e f u l ly  c e n tre d  i n  th e  
ap p ara tu s»  b u lg in g  f a i lu r e s .w e r e  alw ays produced . fh e  on ly  
ru p tu re  p lan e  f a i l u r e  o th e r  th a n  th o se  o f  s e r i e s  4 was o b ta in e d  
i n  S e r ie s  3» f h i s  was o b ta in ed  w ith o u t in t e n t io n  and i t  i s  
assumed to  have been caused by some e c c e n t r i c i ty  o f  lo a d in g .
, A com pression sample which has f a i l e d  by "b u lg in g " i s  
shown i n  P h o to . f ig , 36 * fh e  s t r a i n  i n  t h i s  sample was c a r r ie d  
w e ll beyond th e  u s u a l  and th e  photograph shows t h a t  th e  "bu lg ing" 
i s  caused by th e  developm ent o f  numerous p la n e s  o f  s l i p .
A photograph  o f  a  com pression sample whiph h as f a i l e d  by 
a  p la n e  o f  ru p tu re  i s  shown i n  M s . 37 .
(.q )  f r o n t  v i e w  ( b )  B a c k  v i e w  ( c )  S i d e  v i e w
E X T E N S I O N  S A M P L E  WI T H  C O M B I N E D  
S U R F A C E  OF DUPTURE
F i g . 3 8 .
DIRECTION OF 
MAX.  S L O P E
PLANE 1
P l a n e  2
(c)
f q o n t  v i e w
(d)
B a c k  v i e w
e
S I D E  VIEW
I L L U S T R A T I O N  O F  C O M B I N E D  
S U R F A C E  OF R U P T U R E  
F i g . 39 .
b ) l 3ct eixaion .Bamplee *
A li ezteABlbii samples tested  at low p o ro sities  fa ile d  l?y 
a plâ#e._,0 f  : %p.tiire - while in  most samples at high p orosities  a 
looa l reduotloix i^  area resu lted  in  neolcing;*
i t  appeared from a close examination o f the rupture 
fa ilu r e s  of ser ie s  4  that some of these smiples had not fa iled  
along a s in g le  rupture plane hut that the shrface along which 
s l ip  had occurred was made up of a combination of more than one
plane. fhe photographs in  3ig .38 ^how the fronts hack and side
TJcéws of èuch a eampie^ In the front view Mg.gBay the surface
of rupture i s  seen to str ik e  the outside o f the sample in  a
smooth obtuse curve. fhe hack view Mg#^8 h shows the surface 
as a much more acute ? shaped curre*
: An explanation o f these shapes i s  given in  Fig*39 where 
fa ilu re  i s  assumed to he caused hy s lip  down the combination of 
two plahes, fhese planes are at the same le v e ls  in  the sample 
hut th e ir  di of maxiimm slope are displaced Fig* 3 9 a.
IheVplanes in ter sec t at points % and Î  in  the elevation  shorn 
in  Fig*39h. A possib le surface of rupture can he considered 
a l o n g o n  plane 1  and %Q plane 2 . fhe shape of th is  
oomhined surface i s  sim ilar to that shown in  the photographs of 
Fig* 38a and h except that the small indentation at T in  Fig* 3% 
i s  not evident in  the photograph Fig. JSu* I t  i s  l ik e ly  however 
that th is  indentation w ill  he eroded at larger stra ins u n til  i t  
i s  at; position  V’ . Ihe surface would then pass through PXQV’ •
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üîhe frôJàt W #: emd viewë of; eurfaoe Pig^396,A and e,
olosely regemble # e  xphotpgr#ho of 38a»t aiiâ c>
5 ) # g le $  of I#ti e m al ô t  i  on. # ; ,
2}he prindlpaX' data from the ti'ia^cial compression and 
extension t e s t s  là  cho\m inMIîahies T ll and y ï î l .  Referring to 
these tah les i t  i s  seen that for the range o f confining  
pressures Used the pealc angle in ternal fr ic t io n  ( /  peak) ^ th in  
each range o f porosity can he oonsidered constant. Ifo variation  
i s  found in  the compression te s t s  between the peak angle of 
in ternal fr ic t io n  for  samples which have fa ile d  by bulging and 
those which have fa ile d  by a plane o f rupturei. Close agreement 
i s  €ilso found between the angle of in ternal fr ic t io n  for the  
compression and extension t e s t s  at each p orosity /, ^
fhe measured ultim ate angle o f in ternal f 3 ^ otion$ for  
tho^e te s t s  continued to the u ltim ate, i s  found to vary from 
t e s t  to test*  i t  i s  howeter in  the range expressed by the
Oa
principal s tress  ra tio s  ( 2#34-3#05 and can be consider­
ed independent o f the in i t i a l  porosity. Thé var^^ions in  the 
ultim ate angle o f in ternal fr ic t io n  are probably diie. to the 
hOn'^t^form c  ^ tien s of the sample at large stra ins and to
inacouraoies in  the estim ation of the sample dimensions at the 
ultim ate stages o f  the t e s t s ♦
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4) S t r e s s  S t r a in  and Volume CÊbmges i n  ï r i a x i a l  l e s t s .' ..........................T- - -— ,„p. -------7 —
g iy p io a l, s tre a n ? s tra in -Y p l-^ e , change cu rves f o r  t r i a x i a l  
t e s t s  o f  each  s e r i e s  a re  showi in  P ig s .40 and 41. fo  a llo w  
com parispn to  he made between, th e  in d iv id u a l  cu rves th e  a x ia l  
s t r a i n  i s  p lo t te d  a g a in s t  th e  p r in c ip a l  s t r e s s  r a t i o .  Ihe  
volume change i n  ouhic in c h e s  i s  p lo t te d  a g a in s t  a x ia l  s t r a i n  
helow th e  S tr e s s  s t r a i n  cu rv es .
fhe  cu rves o f  ï ig .4 1  a re  ty p io a l  f o r  com pression t e s t s  
, toe,,p,eh^.  ^s t r a in s ,  in c re a s e  # t h  in o re s s ln g  ,p o to # ty  
aniv^the,,Vhlhwo in c re a s e  in c re a s e s  w ith  d e c re a s in g  p o ro s i ty ,
An i n i t i a l  d ec rea se  i n  volume i s  seen  i n  a l l  cu rves in c lu d in g  
t h a t  f o r  th e  t e s t  a t  low p o ro s i ty  s e r ie s  4 . fh e  s t r e s s - s t r a i n  
cu rv es  a re  seen  to  f a l l  in to  a  group co n ta in ed  hy th e  envelope 
formed hy th e  cu rves f o r  h ig h  p o ro s ity  ( s e r i e s  1) and low 
p o ro s i ty  ( s e r ie s  4 ) ,
fh e  s t r e s s - s t r a i n  cu rves f o r  th e  e x te n s io n  t e s t s  ( P ig .40) 
a re  o h a ra o to r is e d  hy a  more ra p id  drop i n  s t r e s s  r a t i o  w ith  
a x ia l  s t r a i n  th a n  i n  th e  coBipression t e s t s .  fh e se  (^ rv e s  a re  
however n e t  d i r e c t l y  com parahle w ith  th o se  o f  th e  eompi^ession 
t e s t s  s in c e  th e  a x ia l  s t r a i n  i n  th e  e x te n s io n  t e s t  i s  n o t th e  
m ajor p r in c ip a l  s t r a i n .  fh e  volume change curves sho^ 
s i M l a r  c h a r a o t e r i s t i e s  to  th o se  o f  th e  com pression t e s t s  h u t 
th e  in c re a s e s  a re  much sm a lle r .
A f te r  an i n i t i a l  re d u c tio n  th e  volaiae i s  found to  in c re a se  
i n  t e s t s  a t  a l l  p o ro s i t ie s *  fhe  s t r e s s  r a t i o  a t  th e  p o in t of
h-
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Tolxime in ç r e a s è , i  i e;^, c o r r é ^ o n à ih g  to  th e  lo w est p o in t  on th e  
voltm e, o ^ n g e  # r r e , ,  i é  fonn^! ito  indepenfleni; o f  th e  i n i t i a l  
p o ro s i ty  t o r  tiie  com pression t e s t s  as  osn he seen  from Fig» 42a . 
She aver§§e. Toliie o f  ;%hi,s s t r e s s  r a t i o  i s  2 .8 0 . ' F ig .4 2 h  shows 
th e  y a f i a t i o n  o f  p r i n c i p a l ; s t r e s s  r a t i o  a t  th e  p o in t o f  volume 
in c re a s e  y l t h  th e : i n i t i a l : p o r o s i t y  f o r  th e  e x te h s io h  t e s t s ,  
f h e ; cu rves show an u n e x p e c te i tr e n d  to  he s l i g h t l y  low er a t
in te r ia e a ia te  EPro s i t i e s  ; th a n  ; a t . h i s h . a ^
, iE ah les V II and V III (pages 77 suad 78) th e  t o t a l  volume
in c r e a s e , t h a t  i s  th e  In c re a s e  from th e  p o in t  o f  maximum 
decreaso» i s  ; shown. I t  oan he seen from  th e s e  t a h le s  t h a t
w ith in  each raîige o f  p o ro s i ty  th e  t o t a l  volume in c re a s e  
m easured i s  n o t ic e a h ly  h ig h e r  a t  th e  peak p o in t  and m arkedly 
h ig h e r  a t  th e  u l t im a te  f o r  com pression sam ples which have 
f a i l e d  hy biüLging th a n  th o se  which have f a i l e d  h y  ® p la n e  o f  
ru p tu re  (see  v a lu e s  f o r  S e i ie s  4) . fh e se  a re  i n  tu r n  mUoh 
g r e a te r  th a n  .tke  volume in c re a s e s  m easured i n  th e  e x te n s io n
& In  ru p tu re  p lan e  f a i l u r e s  th e  volume i s  found t o  hecome 
c o n s ta n t a t  th e  u lt im a te ,. She volume i n  hulgei f a i l u r e s  i n  th e  
com pression t e s t s  however seldom heoomes c o n s ta n t and in  most 
c a se s  o o n tin u es  to  in c re a s e  a t  a  g r e a t ly  reduOed. r a t e .
Ihe amount o f  th e  u l t im a te  volume in c re a s e  neneured  i n  
e x te n s io n  t s s t s  ap p ea rs  to  -he in f lu e n c e d  hy th e  p o s i t io n  o f  th e  
p la n e  o f  ru p tu re ,  , f h i s  i s  most e v id e n t i n  th e  e x te n s io n  t e s t s
82
of:'4erle,s.?4’''(eee VÏ J j )  ï ■ i n ’ th e  t e s t s  which th e
r u p tu r e  p la n e , has aevelpped  ’h e a r t h e  sample -ends (sam ples ; 
t e s t e d  a t  c o h fIh ln g  p re e sh re s  o f  ;100 and 120 I h . / i n - )  th e  
m easured■volume tn o re a se  I s  ' sm a lle r  th a n  f o r ■th o se  t e s t s ■in  
w hich th e  p la n e  has developed i n  th e  C e n tre .
85.
SEOCTOl 1 0 .
MsCusalon  o f  f e s t  la t a .
10 a) Wplb E e lia M lity  o f Voltime Ohaage Measurements In the
*g3:laxial Apparatus*
In  the thlpk cylinder tegit fa ilu re  took place as the 
reau lt o f s l ip  WLthln a defomW v/edge shaped volume lu  the 
Wall of the eaaaple, fhe àahd witMn the wedge appeared to  
he the only part o f the aaaiple which had expanded during the 
t e s t .  fo study the poaeihiXity that th is  was char act e r is t ic  
Of the fa ilu r e  o f sands, and that fa ilu re  in  the tr ia x ia l  
samples a lso  resu lted  in  the expansion of wedge shaped volumes 
aitüated ahout the planes o f s l i p , i t  was desired to compare the 
Volume increases measured in  the compression te s t s  fa il in g  hy 
bulging v/ith those of the compression t e s t s  f a i l in g  by a  sin g le  
pla^e o f rupture nnd those of the extension t e s t s  fa il in g  by 
a sin g le  plan# : of rupture. I t  was for th is  reason th a t . the 
rupture plane fa ilu r e s  of the oompression teste , o f ser ies  4 
were obtained. A method for predicting the stage by stage 
formation o f the suspected wedges was developed assuming that 
the wedges were swept out by the planes of maximum oblig.irlty 
a t the stage reached in  the test.^ Me to the complexity of 
the fa ilu r e  types met with in  the te s t#  no experimental proof 
of the method could be obtained.
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A lthough i t  was n o t p o s s ib le  to  prove t h a t  wedges s im i la r  
to  th o se  developed i n  th e  th ic k  c y lin d e r  t e s t s  a re  developed 
i n  th e  t r i a x i a l  t e s t s  y th e  volume changes m easured i n  th e  
t r i a x i a l  t e s t s  in d ic a te  th a t  on ly  p a r t  o f  th e  sample has u nder­
gone expansion  d u rin g  th è s e  t e s t s .  l a r g e  d if f e r e n c e s  i n  th e  
q u a n t i t i e s  o f  th e  volume in c re a s e s  were found i n  each s e r ie s  
for;; com pression sam ples which f a i l e d  by b u lg in g , f o r  com pression 
sam ples which f a i l e d  by a  p lan e  o f  ru p tu re  and f o r  th e  f a i l u r e s  
i n  th e  e x te n s io n  t e s t s .  fh ese  q u a n t i t i e s  i n  s e r i e s  4 t e s t s  
a re  ap p ro x im ate ly  i n  th e  r a t i o  o f  S to  5 to  1 a t  th e  u l t im a te .  
I f  th e  m easured volume in c re a s e s  a re  caused by th e  expansion  o f  
th e  m a te r ia l  o f th e  whole sample i t  would be expected  t h a t  th e  
in c re a s e s  m easured i n  a l l  t r i a x i a l  sam ples te s t e d  a t  th e  same 
p o ro s i ty  woïild t e  th e  same. I b i s  was n o t  found to  he so a s  
th e  above f ig u r e s  in d ic a te  and i t  must be presumed t h a t  on ly  
p a r t  o f  th e  t r i a x i a l  sam ples have undergone expansion  d u rin g  
th e  t e s t s .  Ih e  n e a r e s t  approach to  th e  com plete d efo rm atio n  o f  
th e  sam ple i s  o b ta in e d  i n  bu lge  f a i l u r e s  i n  th e  com pression 
t e s t s .  Volume* a t  th e  ends o f  th e s e  sam ples however a re  l i k e l y  
to  rem ain  u n d is tu rb e d  a s  i s  in d ic a te d  by th e  pho tog raph  F ig .3 6 .
îh ?  f a c t  t h a t  la r g e  v a r ia t io n s  in  th e  amounts o f  th e  
volume in c re a s e  can be produced by p roducing  d i f f e r e n t  ty p e s  of 
f a i l u r e  i l l u s t r a t e s  th e  u n r e l i a b le  n a tu re  o f  th e  volume change 
m easurem ents ta k e n  in  th e  t r i a x i a l  t e s t s .  For a  c r i t i o a l  
in v e s t ig a t io n  in to  th e  d i la ta n c y  p r o p e r t ie s  o f  s o i l s  an
85.
a p p a ra tu s  whloh c o n s tra in s  th è  whole sample to  undergo a 
un ifo rm  d efo rm atio n  should  hé u sed . Of th e  a p p a ra tu s  a v a i la h le ,  
t h a t  d esigned  hy Eoscoe^^^^ f o r  th e  a p p l ic a t io n  o f  sim ple sh e a r  
may prove th e  m ost s u i t a b le .
TO b) Angle o f  Rubbing P r io t i o n .
Ih e  volume i n  a l l  t r i a x i a l  sam ples tended  to  in c re a s e  
a f t e r  an i n i t i a l  r e d u c tio n . fhe volume in c re a s e  means t h a t  
th e  g ra in s  a re  moving a p a r t  and coming o u t o f  t h e i r  lo o k in g  
p o s i t io n s .  f h i s  movement can only  ta k e  p la c e  a f t e r  th e  
ru b b in g  f r i c t i o n  o f  th e  g ra in s  i s  m o b ilise d . fh e  s t r e s s  
r a t i o  a t  which th e  volume s t a r t s  to  in c re a s e  should  th e re fo re  
r e p re s e n t  th e  an g le  o f  ru b b in g  f r i c t i o n  o f  th e  m a te r ia l .
îDhe i n i t i a l  re d u c tio n  i n  volume a t  low s t r e s s e s  i s  
l i k e l y  to  be caused  by th e  g e n e ra l com paction o f  th e  sam ple. 
I b i s  i s  p ro b ab ly  due to  lo c a l  sh ea r f a i l u r e s  o c c u rr in g  i n  th e  
l a t t i c e  o f  th e  g ra in s  cau s in g  th e  p a r t i c l e s  to  come in to  more 
in t im a te  c o n ta c t .  Due to  th e  non un ifo rm  c o n d itio n s  which 
e x i s t  i n  th e  t r i a x i a l  sample th e  i n i t i a l  com paction w i l l  
c o n tin u e  i n  p a r t s  o f  th e  sam ple a f t e r  th e  p o in t  a t  wMchv 
e x p ^ s io n  s t a r t s  i n  o th e r  p a r t s .  The s t r e s s e s  a t  th e  a c tu a l  
p o in t  o f  i ï i i t i a l  expansion  w i l l  th e re fo r e  n o t be o b ta in ed  frpm 
t r i v i a l  d a ta ,  and th e  s t r e s s e s  a t  th e  p o in t  o f  Volume in c re a se  
w hich a re  used  to  d e fin e  th e  ang le  o f  ru b b in g  f r i c t i o n  w i l l  
p ro v id e  an o V e r-e s tim a tio n  o f  th e  t ru e  a à ^ e .
8 6 .
Ih e  rab M n g  f r i c t i o n  ppmponent p f  th e  sh e a r  s t r e n g th  i s  
th e  p a r t  o f  th e  s t r e n g th  ex p lu a in g  o th e r  e f f e c t s  such a s  i n t e r -  
lo c k in g . I t  i s  to  be expected  th e re fo re  t h a t  t h i s  component 
i s ,  c o n s ta n t and in d ep en d en t o f  th e  p o r o s i ty .  Ih e  p r in c ip a l  
s t r e s s  r a t i o  a t  th e  p o in t  o f  volume in c re a s e  i n  th e  t r i a x i a l  
com pression t e s t s  was fo u n d ;to  be in d ep en d en t o f  th e  i n i t i a l  
p o ro s i ty  and had an average  Valne o f  2 .80  (F ig .4 2 a ) . In  th e  
e x te n s io n  t e s t s  a  tr e n d  was found f o r  t h i s  s t r e s s  r a t i o  to  be 
s l i g h t l y  low er a t  in te rm e d ia te  p o r o s i t i e s  th a n  a t  h ig h  and 
low p o r o s i t i e s  (F ig .4 2 b ) . I h i s  tre n d  i s  d i f f i c u l t  to  e x p la in  
a n d ;th e  re a so n  may l i e  i n  th e  in a ccu racy  o f  th e  e s t im a tio n  o f  
th e  e x a c t p o in t  a t  which th e  volume s t a r t s  to  in c re a s e .
; Ih e  an g le  o f  ru b b in g  f r i o t i o n  e s tim a te d  from  th e  average 
v a lh e  Of th e  p r in c ip a l  s t r e s s  r a t i o  a t  th e  p o in t  o f  volume 
in c re a s e  i n  th e  com pression t e s t s  h as  a  v a lu e  o f 28® 16Î 
I h i s  overestiE uated  an g le  i s  s l i g h t ly  h ig h e r  th a n  a v a lu e  o f  
24% 50 ' found by I s c h e b o ta r io f f  and Wei o h f o r  submerged 
t e s t e  i n  ^ h io h  th e  f r i c t i o n  between a rough q u a r tz  c r y s ta l  
s u r fa c e  and a  p o lish e d  q u a r t?  su rfa c e  was d i r e c t l y  measured*
I t  i s  however sm a lle r  th a n  th e  v a lu e  o f  33® found by Penman 
f o r  e im ila r  t e s t é  i n  which f l a t  q u a rtz  s u r fa c e s  were u sed . 
A lthough th e  au thor*  s r e s u l t s  l i e  between th o se  o f  th e  above 
in v e s t i  g a to rs  tl^e e x ac t s ig n if io a n c e  i s  n o t c le a r  b u t i t  may­
be t h a t  th e  c o n d itio n  o f  a re a  c o n ta c t f o r  th e  ag g reg a te  g ra in  
m a te r ia l  i n  th e  com pression t e s t  i s  in te im e d ia te  between th o se
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e x i s t in g  i n  th e  twb d i r e c t  f j j iô t lp n  t e s t s .
I f  th e  s t r e s s  r a t i o  a t  which th e  voltuae s t a r t s  to  in c re a se  
i s  co n sid e red  to  r e p re s e n t  th e  ang le  o f  ru h b in g  f r i o t i o n ,  two 
f a c f o r s  e o n tr ih tt t in g  to  th e  sh e a r  s t r e n g th  o f  sands can he 
d is t in g u ia h e d  from  th e  r e s h i t s  o f  t r i a x i a l  com pression t e s t s .  
Ih e se  f a c to r s  a r e  t h a t  due to  rhhh ing  f r i c t i o n  and t h a t  due to  
d i la ta n c y .  B ishop and B l d i n '^  Showed t h a t  th e  p a r t  o f  th e  
s t r e n g th  due to  d i la ta n c y  i n  th e  com pression t e s t  can he 
ex p ressed  oy
0 1  « o;     (29)
® dE ?
where d en o tes  c o n tld h n tlo n  to  th e  s t r e n g th  hade hy d ila ta n < ^
?  M volume s t r a i n  
E a x ia l  s t r a i n
Gg « c o n fin in g  p re s su re
g i g . 43 shows th e  v a r i a t io n  ^ t h  p o rp s i ty  o f ,  th e  peak 
an g le  o f  i n t e r n a l  f r i c t i o n  (ourye f ) ,  th e  peak, an g le  o f
in t e r n a l  f r i c t i o n  c o r re c te d  f o r  d i la ta n c y  (curve I I )  and th e
an g le  o f  ru h h in g  f r i o t i o n  ( I I I )  as  o h ta in e d  from th e  com pression 
t e s t s .  She o o n tr ih u tio n s  made hy d i la ta n c y  and hy th e  ruhhing  
f r i c t i o n  a re  shaded . B ig .45 shows t h a t  th e re  is , an a d d i t io n a l  
f a c t o r  c o n tr ih u t in g  to  th e  sh ea r s t r e n g th  which i s  n o t accounted
8 8 .
forVl5ÿ th e  a l la ta n o y  a s  from  e q u a tio n  (2 9 ), o r  hy
th e  ru h h in g  f r i o t i o n  foiïhd fï^pm th e  qom presslon t e s t s ,  $ h is  
f a o to r  in c re a s e s  v ^ th d e o r e a s in g  p o ro s i ty ,  '
I n  th e  e x te n s io n  t e s t s  th e  v a lu e  o f  ft a f t e r  he ing  
o o rre o te d  f o r  d i la ta n c y  was found to  d ec rea se  W .th d e c re a s in g  
p o ro s i ty  in s te a d  o f  in c re a s in g  a s  i n  th e  com pression t e s t s ,  
S h is  d i f f e r e n c e  was a ls o  n o ted  hÿ Bishop and Bldin^^ L
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O oncluslons to  B a rt l i  •
1) She a c t io n  o f f a i l u r e  i n  sands i s  n o t y e t  f u l l y
u n d e rs to o d . I t  i s  prohaTble t h a t  th e  com plete mass 
u n d er s t r e s s  does n o t deform and t h a t  f a i l u r e  i s  
due to  th e  developm ent and subsequent d efo rm ation  
o f  a  number o f  wedges o f isones o f  m a te r ia l  w ith in  
th e  massc
2) The v a r i a t io n  o f  p o ro s i ty  d u rin g  sh e a r  t e s t s  on 
sands cannot he e s tim a te d  from th e  volume change 
m easurem ents ta k e n  I n  s ta n d a rd  a p p a ra tu se s  due 
to  th e  non-un ifo rm  c o n d itio n s  which e x i s t  w ith in  
th e  sam ples.
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FIG . Ap. 1 .  2 .  X 30 ENLARGEMENT OF LOCH ALINE GRAIIB,
ïn  a l l  Q xperim m ltal work d e so rib e a  i n  t l i i s  th e s i s  th e  
m a te r ia l  t e s t e d  was Ib o h  A line  sand . ïh é  sand i s  w h ite  and 
th e  g ra in s  a re  à lA ost' e n t i r e ly  o f pure q u a r tz . '
P a r t i c l e s  f i n e r  th a n  B .S .S ie fe  ÏÏ0.2GO were removed from 
th e  n a tu r a l  s l i i d t o  p re v e n t th e se  f i n e r  g ra in s  from p e n e tra t in g  
th e  p ip in g  systèm e o f th e  a p p a ra tu se s , ®he p a r t i c l e  s iz e  
d i s t r i h u t l o n  o f  th e  sand a s  u sed  i s ,  shown i n  pig.AP* 1 .1 . Ihe  
curve i l l u s t r a t e s  a  p o o rly  graded medium sand .
A 30  tim es en largem ent o f  th e  g ra in s , o f  th e  send i s .  shown 
i n  iI^ig.AP.1.2. Jthe  ag g reg a te , i s  seen  to  he  a m ix tu re  o f  
rounded and ^ ^ l a r  g ra in s .
fh e  l i m i t in g  p o r o s i t i e s  found hy th e  method suggested  hy
Solhuszew sîci'^^  a re  34» Î^  and 45*45^
APPENDIX I I
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RIGHT SECTION QF A YIELD SURFACE 
FOR AN ISOTROPIC MATERIAL
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A s t a t e  o f  s t r e s s  pan t e  re p re se n te d  a s  a  p o in t i n  space 
by i t s  th r e e  p r in c ip a l  s t r e s s e s  (G! ,^ Gg, OL) w ith  re fe re n c e  to  
a  system  o f  th re e  d im ensional c o o rd in a te s  (G|» Ggj G*)* fhe  
lo c u s  o f  a l l  th é  p o in ts  d e s c r ib in g  th e  s t r e s s e s  a t  y ie ld  
r e p re s e n ts  a  su r fa c e  i n  space known as th e  su rfa c e  o f  y i e l d .
A view  o f  a  r i g h t  s e c tio n  o f a  su rfa c e  o f y ie ld  i s  seen  in  
f i g .A f . I Î . 1 , Ih e  r i g h t  s e c t io n  can be a t  any d is ta n c e  from 
th e  o r ig in  o f  th e  system  o f th re e -d im e n s io n a l, c o o rd in a te s  b u t i t  
l i é s  on th e  p la n e  o f  th e  p ap e r. A p o in t  T (G j, Gg, G-) on th e  
r i g h t  s e c t io n  can be ex p ressed  i n  term s o f  c a r te s ia n  c o o rd in a te s  
X and X, which a c t  i n  th e  p lan e  o f  th e  p a p e r . Ih e  c a r te s ia n
c o o rd in a te s  o f  3  i n  a s s e n t  B'O A (where G j/»  >  Gj) a r e :
X *» G ,00a(X ,G ,) + GgCOsCXjGg) + 0;cos(X ,C L)
where (X ,G |) i s  th e  an g le  betw een th e  X a x is  and th e  GÛ a x i s ,e t c
G| O2 «
. X " - i '  ■ -
, -
and X » G ^cos(X ,G |) + GgCos(ï,Gg) + G^oos(X,OL)
X à  —GI# "I"—"". 4* CTnl^ — Gi ^
■T a  3
2 Gg -  CL -  G, »*
I ■ ni I ' '1 • 1 i ' ^ ^ f  ' )  . ' ' . ' . ■ 1 f
V 6
3E3E S ta te ji by ffl.ll i n  r e f  *
9 2
$he an g le  0 betw een v e c to r  OB and th e  X a x is  i s  o b ta in ed  from
. 2 0% T 0* — G|
f a n  e  *  '................................ ....
X y 5 ( G ,  -  €^)
lo d e  * s '  '  p a ram ete r
G .  «  V 5  . ta n  0
c ;  -
0 can have any V a lu e ,ra n g in g  from
ta n " '' - U  ( + 30®)
f o r  p o in t  P a t  B' to
1 30®)
V 3
f o r  p o in t  P a t  A.
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_ %  I t  waa right seotioae of the
surface o f y ie ld  cam be plotted  In the plane of the paper using 
the cartesian COordinate8  X and Y which are functions of the 
three principal stresses* $he y ie ld  surface for sands i s  
expected to be e ith er  pyramidal or conical so that right 
section s Of the sp-rfaoe w ill  vary in  extent with the distance 
along the space diagonal* In p lo ttin g  right sections o f the 
experimental surface o f y ie ld  i t  i s  therefore necessary that 
thé d ifferen t experimental resu lts  can be considered to define  
points on the same right section .
f ig .A t.iiX .I*  shows a right section  of a y ie ld  surface.
3îhe section  i s  in  the plane of the paper and i s  obtained by 
looking down the space diagonal G^ O. Xet P any point on the 
surface at th is  sectio n  haYe coordinates {0^j 0^, 0^). On 
th is  section  point P can be defined by i t s  cy lin d rica l coordin­
a tes O^ P and 0 . 0  can have a value between +3 0  ^ and -*3 0  ^ (see
Appendix I I )  in  any o f the s ix  sectors marked by the major 
s tre ss  d irection s. 0 has the value obtained from tire expression
’ e  .  - t a i r ’ _1_   ° i )
v ;  “ is -  «"i
f o r  segment show, wheres
01 i s  th e  ma^or p r in c ip a l  s t r e s s
0% i s  th e  in te rm e d ia te  p r in c ip a l  s t r e s s
O', i s  th e  m inor p r in c ip a l  s t r e s s
0 + v e '
0 - v e
iCX
FIG. A p. m  I
or
F ig . A p. m .  2.
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0 ^ 3  oah làe fomiê by taking a seotiort o f the 
y ie ia  ahrfaee aiohg the èpaoe âîagoaal and through point P as 
shown In f ig ijü f .ï l ï .â ^  ïhe ©pace diagonal i s  defined hy the 
conditions W 0  ^ -  0 #^
mmmm*
Klstenoe PO « /  0.® ♦
. . p ■-H- OC + %  +. %'*■* ■ itogié/foo':» . 0 0 8  ■ ' '
a n d  . P O ’V  Q O * t a K ^ c o a * ^ ' l ........................................................................................ ..... , ' , . ,  )
J r ^  * c ÿ  + cTg^
The o o n d iiip îi f o r  th e  r e s u l t s  to  d e f in e  ;po ia ts  oh th e  
same r ig h t  s e o tio n  o f  th e  su rfa c e  o f  y ie ld  i s  th p t  th e  sum o f  
t h e i r  p r in c ip a l  s t r e e s é s  (o"^  i ,  Gfg + 0^) = ooneteA t.
D i f f ic u l ty  i s  found i a  r e p re s e n tin g  th e  ex p erim eh ta l r e s u l t s  
on a  diagrem  to  i l l u s t r a t e  th e  r ig h t  s e c t io n s  s in c e  i t  i s  
im p ra c tic a h le  to  a rra n g e  th e  experim ents eo t h a t  th e  aboye 
O onditlpn  i s  o b ta in e d . HOweter i f  th e  l i n e s  hounding th e  
s u r fa c e  a re  s t r a i g h t  th e  d i f f i c u l t y  can he overcome by p lo t t in g
95 .
th e  ta iig e a t o f  : th e  th e  l i n e  jo ln lA g  th e  p o in t on
th e  © n#aoe to  th e  prçigin and th é  epabe d ta g a h a l ( lie #  jL  P 0 0 ' 
f ig s A P i l l ïé S )  iiXBtead o f  th e  t r à e  v e c to r  d is ta n c e  (QfP). The 
e q u iv a le n t r ig h t  s e c t io n  o b ta in ed  in  t h i s  way w i l l  he knovm as 
th e  reduced  r i g h t  s e c t io n .  By making 0 0 ^ 1 ,  v e c to r  O'P i s  
expressed  hy
k * ^  4 OL + 0% + 0» ^
O'P « t w  (bcs, ■ ■ ,)
The p o in t  P on th e  reduced r ig h t  s e o tio n  o f  th e  su rfa c e  o f 
y ie ld  P ig .A P # III . 2 i s  th en  d efin ed  h y ;-
4 d$ On 4" 0^
V ecto r G'P « ta ri (co#  ^   ^  }
s /5  + CTg^  i
-i 1 201 - o; - o:
aad /  0  is - t a n   ^ —1— —
s / 3  Og—
S ince th e  lo c u s  o f  th e  p o in ts  cau sin g  y ie ld  must he 
sym m etrica l abou t Oij0!| ' ,  O^Og', 0101' th e  p o s i t io n  o f
p o in t  P, i n  th e  o th e r  5 s e c to r s  can be found i n  a  s im i la r  
manner.
APPBHDIX IV .
BBPBOT OP SMAlli ERRORS OP ÏÆEASITRBMBNT 
OK THE RESHLTS OE THE THICK OïLIHDER TEST
9 5 ,
By assum ing t h a t  th e  .^f||^ |3pulpm b th e o ry  i s  a p p lic a b le  
f o r  e s t im a tin g  th e  y ie ld  s t r e s s e s  i n  th e  th ic k  c y lin d e r  t e s t  
th e  e f f e c t  o f sm all e r ro r s  in  measurement on th e  ang le  o f  
in t e r n a l  f r i o t i o n  /  can he s tu d ie d  from th e  eq u a tio n
El » P ( ) (1 ) (AP.1V.1)
(eqn*25 S e c t .4 a)
1. E r ro rs  i n  Measurement o f  P re s s u re .
Bore P re ssu re  (P^)
Assuming no e r r o r  in  P^, a  o r  h (A P.IV .1. )  on d if f e r e n t ia te  
heoomes
dE
S» dA ( lo g  h -  lo g  a ) ##$.#.  (AP.IV#2)
) . . . . . ( A P . I V .3 ) (from 17b S e c t .2d)
1 + s in  fi
« * dA SB M* 2 cos jrf 
(1 + s in  fS)^_
dj^ . . . . . . . . . .  (a p .IV .4")
S u b s t i tu t in g  f o r  dA
dP. lo g  b -  lo g  a 
(1 + s in
cos X- d /  . . .(A P .IV .5 )
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AsBuming l à  th e  m iddle o f  th e  range ex p ec ted , as  36° th e  
e ilo w a h le  e r r o r  i n  P* f o r  1° e r r o r  in  e s tim a tio n  /  i s  o b ta in e d  
from (A P.IV .5) ;
lo g  2 - l og  1 . 2 5 " s  ^ ^ 7 i
L  ■ (1 :+ s in  36®)* _
UU e  p 0  ê
180
dP.
( - ^ ) 1 0 0  » + 2
f o r  a  » 1 .25" and h * 2"
, ** th e  a llo w ab le  e r r o r  i n  P^ = + ,0.525^
Q ats id e  P re s su re  (P_)
. 100
S im ila r ly  th e  a llo w ab le  e r r o r  i n  p = — 0, 52^%: f o r  an 
e r r o r  o f  1® I n  fS.
2) E rro rs  i n  E e tim a tio n  o f  Bamole P im ensiona .
Bore Radius fa)
Assuming no e r r o r  i n  P^, P^ and b (A P.IV .1) on d if fe re n -  
t i a t i n g  becomes
(  ,=....) d A . . . .......................................(A P.IT .6)
a  1 -  A
S u b s t i tu t in g  f o r  A and dA from (AP.PV.3 ) and (A P .IV .4),
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(A P.IV .6) becomes
—  a  « .(log  a  -  lo g  b) — — 22Su 5----------  . . . .  (AP.IT.T)
a  s in  jrf(1 + s in  /I)
P or 1® e r r o r  i n  /  w ith  ji » 36®, a  » 1 .25" and b •  2" th e  
a llo w ab le  e r r o r  i n  m easuring  a  i s  o b ta in e d  from  (AP.IV .7)
( â â  )100 A - ( l o g  1 .2 5  -  lo g  2)  ---------------- 36®------- - 'Z L 'iO O
a  s in  36®(1 + s in  36®) 180
.* .  a llo w a b le  e r r o r  i n  a  » + 0 .7 1 ^
O utside ra d iu s  ( b ) .
: S im ila r ly  th e  a llo w ab le  e r r o r  i n  m easuring  th e  o u ts id e  
ra d iu s  (b) = T  0 .? 1 #  f o r  an  e r r o r  o f  1® in
APPBHPia: T
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A ccording to  th e  Mohr-Goujomb fh e o ry  th e  l im i t in g  c o n d itio n  
o f  y ie ld in g  f o r  e ^ d s  i s  expressed  by egn. (17a S ec tio n  2d) and 
r e s ta t e d  h e re  a s
(cr, -  GTj) a  ♦ (<r, + sTj) s in
r "
where > 0 ^
fhe equation represents the Mohr envelope for  the material and 
I s  the common tahgent o f the m^jor principal stress  c ir c le s  on 
the Mohr diagram* fhe slope of the envelope i s  determined hy 
quantity j i  which i s  a m aterial constant Slg# (APaT. 1  ) ,  fhe 
points o f tangency on the stress  c ir c le s  etc* represent
the planes in  the m aterial where y ie ld  or s l ip  takes place* 
fhe orientation  of these planes with respect to the principal 
plahes ban he found from the Pig. (AP*T* 1 ) # I t  can ea s ily  he 
proved that the planes o f s l ip  are inclined  at
( 4 5 °  +  / ^ / g )    . . . ( A Ï . V . 1 )
to the d irection  o f the major principal planes and at
to the d irection  o f the minor principal planes. ?oint p
O '
O P I E N T A T I O N  OF P L A N E S  OF SLIP  
a c c o r d i n g  t o  MOHR COULOMB TMEOPY
F i g . a p . V i
S H E A P  T R A J E C T O R I E S  IN 
T H I C K  C Y L I N D E R  S A M P L E
F i g . AP. 3Z"2
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th e r e fo r e  re p re a e n ts  a  ôys;tëm o f  s l i p  ÿ la n ë s  in o l in e d  a s  
ia d io a të û  hy (A PfT .I) and (A PfT .a),
In  th e  th ic k  c y l in d e r  sample th e  m ajo r principsOL p la n e s  
a re  r a d i a l  and th e  M n o r p r in c ip a l  p la n e s  a re  th e  ta n g e n t ia l  
p la n e s . . ■ " .. i ,
M g .A P .T .2  shows a  s e c t io n  o f  th e  w a ll o f  th e  th ic k  
c y l in d e r  sam ple. I n  P ig.A P.V .2 l e t  AO he p a r t  o f  a  sh e a r  
t r a j e c t o r y .  l e t  th e  ra d iu s  a t  A he r  and a t  C he x  + S t .
(BO. = ^ r )  end l e t  AÔ suh tend  ang le  a t  th e  c e n tre .
. F o r sm all v a lu e s  o f  S x  and Sp À0 can he co n sid e red  a  
s t r a i g h t  l i n e  making a  c o n s ta n t ahgle  w ith  th e  r a d ia l  
p la n e  AB.
$ '  S*
T h ere fo re  #  ta n  <x
AB............
Ç' ' 'x  '' ' '
ox ■ .w,'..., ta n
, a  S'p
-  ¥
d r  _ r  t a n  ©<•
and y L i£ «  à  Y d p  ta n  oc
wMçh on in t e g r a t i n g  he comes
logrvT a  p  ta n  d  + leg ; 0 (where 0 i s  a
c o n s ta n t o f  in te g r a t io n )
At b o re  r a d in s  r ^  a ,  l e t  /B =» p
th e re fo r e  c o n s ta n t Q, «  a
The a g n a tio n  o f  th e  t r a j e c to r y  th en  becomes
r  _  -fi taaoc ( . ^  «*•* ■©” - . » * # * * # # # # * # # * * * # # * * * # *  \AJa 4 V # ^ /
a  ' ' '
and i s  i n  th e  form  o f  a  lo g a r i th m ic  s p i r a l .
. :
oi i s  th e  i n c l i n a t i o n  o f  th e  t r a j e c to r y  to  th e  r a d i a l , m ajor
p r in c ip a l  p la n e s , and has  th e  v a lu e  (4S® + # )  a c c o rd in g  to  th e
ffiohr^Goulomb th e o ry  (AB*Tt1). The e q u a tio n  o f  th e  t r a j e c to r y  
a c c o rd in g  to  th e  th e o ry  i s  th e re fo re
where a  den o tes  th e  b o re  ra d iu s
and r  d en o tes  th e  r a d iu s  a t  ang le  p from  th e  p o in t
where th e  t r a j e c to r y  s t r i k e s  th e  bore  su rfa c e  
o f th e  sample ( i . e .  p » 0  a t  r  = a ) .
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N«B* I n d i r e c t  - r e f ©rênoe- i s  hade to  th e  works o f  c e r ta in
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